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Abstract: First we explain the concept of local deformation over a
’parameter’ algebra P , in particular the notion of a P-lattice in a Lie
group. The purpose of this article is to define the spaces Mk(Υ) and
Sk(Υ) of automorphic resp. cusp forms on the upper half plane H for
a P- (!) lattice Υ of SL(2, IR) and to investigate their structure. It
turns out that in almost all cases the spaces Mk(Υ) and Sk(Υ) are
free modules over the complexified P of rank equal to the dimension
of the spaces of automorphic resp. cusp forms for the body Γ := Υ# ,
which is the associated ordinary lattice in SL(2, IR) . In other words
almost every automorphic resp. cusp form admits an ’adaption’ to local
deformations of the lattice. This is shown by giving the quotient Υ\H
together with the cusps of Γ\H the structure of a P- Riemann surface
and writing the spaces of automorphic resp. cusp forms as global
sections of holomorphic P- (!) line bundles on Υ\H∪{ cusps of Γ\H} .
1 Introduction
First of all let us discuss the concept of local deformation. A rough
explanation is the following: Vary the ’data’ describing a classical object,
for example the glueing data of local charts defining a smooth manifold,
let them depend on ’parameters’ generating a local commutative algebra
P . In practice it is not necessary to specify the parameters since all
information is already encoded in this algebra. Here we consider the case of
an finite dimensional algebra P whose unique maximal ideal I is nilpotent,
and P/I ≃ IR . This case obviously lies in-between the extremal poles
of infinitesimal deformation, which means I2 = 0 , and arbitrary local
deformation. So it is not surprising that many proofs in this context use
the techniques coming from infinitesimal deformation in combination with
induction over the power annihilating I . An object O whose data depend
R. Knevel 2
on the ’parameters’ generating P will be called a P-object. It is necessarily
a local deformation of a classical object O# , called its body. We will
see that in general this gives whole body functors from the categories of
P-objects to their classical counterparts induced by the canonical projection
P → P/I ≃ IR , heuristically the ’set all the parameters to 0 ’ functors.
Natural questions in the framework of local deformation are the fol-
lowing: Do we really get more objects when we allow P-ones, in other
words do certain objects allow non-trivial local deformation or are they
completely rigid? Can we adapt ’functions’ on a classical object O to lo-
cal deformations of O ? How can one classify all P-objects with given body?
In this article we study P-lattices in SL(2, IR) acting on the upper half plane
H ⊂ C , in other words local deformation of the natural embedding of a given
lattice Γ →֒ SL(2, IR) as group homomorphism and we want to investigate
the spaces of automorphic and cusp forms for these P-lattices. The theory
of automorphic forms for classical lattices is already well-established. Let
Γ ⊏ SL(2, IR) be a lattice. Then we have an asymptotic formula
dimMk(Γ),dimSk(Γ) ∼ k
4π
vol (Γ\H)
for the dimension of the spaces Mk(Γ) and Sk(Γ) of automorphic resp.
cusp forms for Γ of high weight k , and this is one of the most beautiful
applications of the theory of holomorphic line bundles on compact Riemann
surfaces. Now in the case of a P-lattice Υ in SL(2, IR) with body Γ it would
be nice if every form f ∈ Mk(Γ) would allow an adaption f˜ ∈ Mk(Υ) to Υ
having f as body, because this is equivalent to the stability of Mk(Γ) under
local deformations of Γ . We will show that this is precisely equivalent to
Mk(Υ) ≃Mk(Γ)⊗PC as PC-modules and, as the main result of this paper,
is indeed true except in the case where k = 1 and Γ\H ∪ { cusps of Γ\H}
is of genus g ≥ 2 , see theorems 6.3 and 6.7 for even resp. odd k ∈ IN .
Imitating the classical theory, the article is organized as follows: The
general concept of P-manifolds and P- vector bundles is introduced in
section 2 , and section 3 treats the basic definitions of P-lattices and
associated automorphic and cusp forms in the case of SL(2, IR) acting
on H . In section 4 after fixing a P-lattice Υ of SL(2, IR) with body
Γ := Υ# we construct a P- Riemann surface X which is in some sense a
compactification of Υ\H in analogy to X := Γ\H∪{ cusps of Γ\H} , which
will be the body of X . In section 5 we do some elementary Teichmu¨ller
theory, more precisely we prove that any P- Riemann surface X with
compact body X := X# is represented by a P-point of the Teichmu¨ller
space whose body represents X , see theorem 5.3 . This result is of course
of general interest since it gives a complete solution for the classification
problem of P- Riemann surfaces with given compact body and is therefore
given in greatest possible generality. In section 6 we use all our knowledge
obtained so far to prove the main theorems of this article, theorems 6.3 and
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6.7 . Finally, section 7 deals with the special case Υ# = SL(2,Z) .
2 P-manifolds
For the whole article let P be a finite dimensional real unital commutative
algebra with a unital algebra projection # : P → IR and the unique maximal
ideal I := Ker # ⊳ P such that IN = 0 for some N ∈ IN . # is called the
body map of P .
Examples 2.1
(i) The even part P := ∧(IRN−1)
0
of an exterior algebra,
(ii) the polynomial algebra P := IR[X]/(XN = 0) with cut off.
Defining the category of P-manifolds will be done in terms of ringed spaces,
the real and complex case treated simultaneously. Therefore let PC and IC
denote the complexifications of P resp. I .
Definition 2.2 ( P-manifolds and P-points)
(i) Let M be a real smooth (complex) manifold of dimension n , and S be a
sheaf of unital commutative P- ( PC- ) algebras over M . Then the ringed
space M := (M,S) is called a real (complex) P-manifold of dimension n if
and only if locally S ≃ C∞M ⊗ P ( S ≃ OM ⊗ PC ) . M# := M is called
the body of M . If M is a complex manifold of dimension n = 1 then M is
called a P- Riemann surface.
(ii) Let M = (M,S) and N = (N,T ) be two real (complex) P-manifolds. A
P-morphism between M and N is a morphism from M two N as ringed
spaces, more precisely a collection Φ :=
(
ϕ, (φV )V⊂N open
)
where
ϕ :M → N is a smooth (holomorphic) map, and all
φV : T (V ) → S
(
ϕ−1(V )
)
are unital P- ( PC- ) algebra homomorphisms
such that for all W ⊂ V ⊂ N open
T (V ) φV−→ S (ϕ−1(V ))
|W ↓ 	 ↓ |ϕ−1(W )
T (W ) −→
φW
S (ϕ−1(W )) .
We write Φ : M →P N and f(Φ) := φV (f) ∈ S
(
ϕ−1(V )
)
for all V ⊂ N
open and f ∈ T (V ) . Φ# := ϕ is called the body of Φ .
(iii) Let a =
(
a#, (aV )V⊂N open
)
: M →P N be a P-morphism from the
real (complex) P-manifold M := ({0},P) ( M := ({0},PC) ) to the real
(complex) P-manifold N . Then a is called a P-point of N . Its body
a# : {0} →֒ N# will always be identified with the usual point a#(0) ∈ N# .
We write a ∈P N and f(a) := aV (f) for all V ⊂ N open with a# ∈ V and
f ∈ T (V ) . If O is another P-manifold and Φ : N →P O a P-morphism
then we write Φ(a) := Φ ◦ a ∈P O .
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Let us collect some basic properties of P-manifolds, they will be implicitly
used later:
(i) Let M = (M,S) be a real (complex) P-manifold. Then since C∞M
( OM ) has no other unital sheaf automorphisms than id , # : P → IR
induces a body map # : S → C∞M ( # : S → OM ) , which is a
projection of sheaves of real (complex) unital algebras. The kernel of
# is precisely IS ( ICS ), and we have a canonical sheaf isomorphism
C∞M ⊗ In ≃ InS ( OM ⊗
(IC)n ≃ (IC)n S ) whenever n ∈ IN such
that In+1 = 0 .
Now let N := (N,T ) be another real (complex) P-manifold and
Φ :=
(
ϕ, (φV )V⊂N open
)
a P morphism from M to N . Then auto-
matically
T (V ) φV−→ S (ϕ−1(V ))
# ↓ 	 ↓ #
C∞(V )
( O(V ) ) −→f 7→f◦ϕ|ϕ−1(V )
C∞ (ϕ−1(V ))
( O (ϕ−1(V )) )
for all V ⊂ N open, and for all f ∈ T (V ) we call
φV (f) = f(Φ) ∈ S
(
ϕ−1(V )
)
the pullback of f under Φ .
(ii) Every usual real smooth (complex) manifold M can be regarded as
a real (complex) P-manifold identifying M with the ringed space
(M, C∞M ⊗ P) (
(
M,OM ⊗ PC
)
) , and every usual smooth (holomor-
phic) map between real smooth (complex) manifolds can be regarded
as a P-morphism between them.
(iii) Let Φ =
(
ϕ, (φV )V⊂N open
)
: M →P N be a P-morphism between
the real (complex) P-manifolds M = (M,S) and N = (N,T ) . Then
it is an isomorphism iff ϕ is bijective, and in this case Φ is called a
P-isomorphism.
If ϕ is an immersion then for all a ∈ M there exists an open
neighbourhood V of ϕ(a) in N such that φV : T (V )→ S
(
ϕ−1(V )
)
is
surjective. Φ is called a P-embedding iff ϕ is an injective immersion
and so a smooth (holomorphic) embedding of real smooth (complex)
manifolds, and in this case we write Φ :M →֒P N .
Furthermore, if ϕ is surjective and for all a ∈M there exists an open
neighbourhood V of ϕ(a) in N such that φV : T (V )→ S
(
ϕ−1(V )
)
is
injective then Φ is called a P-projection.
(iv) Let Φ =
(
ϕ, (φV )V⊂N open
)
: M →֒P N be a P-embedding from the
real (complex) P-manifold M = (M,S) into the real (complex) P-
manifold N = (N,T ) . Since ϕ : M →֒ N is an embedding we can
regard M as a real smooth (complex) submanifold of N and ϕ as the
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canonical inclusion. So Φ induces a sheaf projection π : T |M → S
such that for all V ⊂ N open
T (V ) φV−→ S(V ∩M)
|V ∩M ց 	 րπV ∩M
T |N (V ∩M)
.
In particular there is a 1-1 correspondence between P-points
a =
(
a#, (aV )V⊂N open
)
of N and pairs (a#, aa#) where a# ∈ N#
and aa# : Ta# → P ( aa# : Ta# → PC ) is an epimorphism of P- ( PC- )
algebras, where Ta# denotes the stalk of T at a# ∈ N , such that for all
V ⊂ N open if a# ∈ V then aV = aa# ◦ |a# , where |a# : T (V )→ Ta#
denotes the canonical projection, and otherwise aV ≡ 0 .
(v) The local models of real (complex) P-manifolds are the usual open
sets U ⊂ IRm ( U ⊂ Cm ) regarded as real (complex) P-manifolds
together with P-morphisms between them. Let M = (M,S) be an
m-dimensional real (complex) P-manifold and V ⊂ IRn ( V ⊂ Cn ) be
open. Then one can show that there is a 1-1 correspondence between
P-morphisms from U to V and n-tuples (f1, . . . , fn) ∈ S(M)⊕n such
that
(
f#1 (u), . . . , f
#
n (u)
)
∈ V for all u ∈M given as follows:
To a P-morphism Φ :=
(
ϕ, (φW )W⊂V open
)
:M→P V we
associate the tuple (φV (x1) , . . . , φV (xn))
( (φV (z1) , . . . , φV (zn)) ) , where x1, . . . , xn ∈ C∞(V )
( z1, . . . , zn ∈ O(V ) ) denote the coordinate functions on V .
Conversely to a tuple (f1, . . . , fn) we associate the P-
morphism Φ :=
(
ϕ, (φW )W⊂V open
)
: M →P V , where
ϕ :M → V , u 7→
(
f#1 (u), . . . , f
#
n (u)
)
and
φW : C∞(W )⊗ P → S
(
ϕ−1(W )
)
( O(W )⊗ PC → S (ϕ−1(W )) ) ,
h 7→
∑
k∈INn
1
k!
((
∂kh
)
◦ (ϕ|ϕ−1(W )))×
×
(
f1 − f#1
)k1 · · ·(fn − f#n )k1∣∣∣∣
ϕ−1(W )
for allW ⊂ V open, which is nothing but the formalTaylor
expansion of the expression h (f1, . . . , fn) .
In particular one can identify the P-points a of V with the tu-
ples (a1, . . . , an) ∈ P⊕n ( (a1, . . . , an) ∈
(PC)⊕n ) such that(
a#1 , . . . , a
#
n
)
∈ V as follows:
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To a P-point a ∈P V one assigns the tuple
(aV (x1) , . . . ,aV (xn)) (resp. (aV (z1) , . . . ,aV (zn)) ),
and conversely to a tuple (a1, . . . an) one assigns
a =
(
a#,aa#
)
, where a# =
(
a#1 , . . . a
#
n
)
∈ V and
aa# : C∞V |a# ⊗ P → P ( OV |a# ⊗ PC → PC ) ,
h 7→
∑
k∈INn
1
k!
∂kh
(
a#
)(
a1 − a#1
)k1 · · ·(an − a#n )k1 ,
which is again nothing but the formal Taylor expansion of
the expression h (a1, . . . , an) .
Now let M = (M,S) and N = (N,T ) be real (complex) P-manifolds
and V ⊂ IRk ( V ⊂ Ck ) open. Let Φ : M →P N and Ψ : N →P V
be P-morphisms and Ψ be given by the tuple (f1, . . . , fk) ∈ T (N)⊕k .
Then Ψ ◦ Φ is given by the tuple (f1(Φ), . . . , fk(Φ)) ∈ S(M)⊕k .
In particular if a ∈P N then Ψ(a) ∈P V is given by the tuple
(f1(a), . . . , fk(a)) ∈ P⊕k ( (f1(a), . . . , fk(a)) ∈
(PC)⊕k ).
Of course given a real (complex) P-manifold M = (M,S) of dimen-
sion n for each a ∈M there exists an open neighbourhood U ⊂M of
a , V ⊂ IRn ( V ⊂ Cn ) open and a P-isomorphism from (U,S|U ) to
(V, C∞V ⊗ P) ( (V,OV ⊗ P) ) . Such a P-isomorphism is called a local
P-chart of M at a . Two local P-charts Vi, Vj ⊂ IRn ( Vi, Vj ⊂ Cn )
’glue’ together via a P-glueing data, given as a P-isomorphism
Φij : Vij →P Vji between the overlaps Vij ⊂ Vi and Vji ⊂ Vj open.
The body then will be given by the same local charts with glueing
data Φ#ij . Observe that in general one can not specify ordinary
points of a real (complex) P-manifold, only P-points. However, given
a P-point a ∈P M there always exists a local P-chart of M at a#
mapping a to a usual point of IRn ( Cn ).
Now let U ⊂ Cm and V ⊂ Cn be open. Then U and V can be regarded
as open subsets of IR2m resp. IR2n , and using the 1-1 correspondence
from above we see that every P-morphism from U to V regarded as
complex open sets is at the same time a P-morphism from U to V
as real open sets, and so we get a whole ’forget’ functor from the
category of complex P-manifolds to the one of real P-manifolds.
(vi) Let M be a real P-manifold. Then there exists a P-isomorphism
Φ :M# →P M such that Φ# = id . This can be shown by induction
on N using H1
(M#, TM#) = 0 , and it is nothing but the rigidity
of smooth manifolds under local deformation.
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(vii) Let M = (M,S) be a real (complex) P-manifold of dimension m ,
Φ :=
(
ϕ, (ΦV )V⊂M open
)
: M →P IRn ( M →P Cn ) be a P-
morphism such that DΦ# is surjective at every point ofM and Finally,
a ∈P IRn ( a ∈P Cn ) . Then we can define the preimage Φ−1(a) of a
under Φ as a real (complex) P-manifold (N,T ) of dimension m−n as
follows: Its body is N := ϕ−1
(
a#
)
, and the sheaf T is given by
T := S|N /m ,
where m ⊳ S|N is the ideal sheaf generated by all φV (f) , where
V ⊂ IRn ( V ⊂ Cn ) open and f ∈ C∞(V ) ( f ∈ O(V ) ) such that
f(a) = 0 if a# ∈ V . If Φ is given by the tuple (f1, . . . , fn) ∈ S(M)⊕n
and a by (a1, . . . , an) ∈ P⊕n ( (a1, . . . , an) ∈
(PC)⊕n ) then
m is generated by f1 − a1, . . . , fn − an . The P-morphism
I :=
(
i, (πU )U⊂M open
)
: N →֒P M , where i : N →֒ M is the
canonical inclusion, and πU : S(U) → T (U ∩ N) , U ⊂ M open, de-
note the canonical projections, is a P-embedding called the canonical
inclusion of N into M .
Let O be another real (complex) P-manifold. Then there exists a 1-
1 correspondence between the P-morphisms Ψ : O →P N and the
P-morphisms Ξ : O →P M having
O Ξ−→ M
Pr ↓ 	 ↓ Φ
{0} −→
a
IRn
,
where Pr : O →P {0} denotes the canonical P-projection. It is given
by the assignment Ψ 7→ I ◦Ψ .
In particular we can identify the P-points of N with the P-points
b ∈P M of M having Φ(b) = a .
(viii) In the category of real (complex) P-manifolds there exists a cross
product. If M = (M,S) and N = (N,T ) are two real (complex)
P-manifolds then their cross product is given by
M×N := (M ×N,pr∗1S⊗ˆpr∗2T ) ,
and the canonical P-projections by
Pr1 :=
(
pr1, (iU )U⊂M open
)
:M×N →P M and
Pr2 :=
(
pr2, (jV )V⊂N open
)
:M×N →P N , where
iU : S(U) →֒
(
pr∗1S⊗ˆpr∗2T
) (
pr−11 (U)
)
= S(U)⊗ˆT (N)
and
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jV : T (V ) →֒
(
pr∗1S⊗ˆpr∗2T
) (
pr−12 (V )
)
= S(M)⊗ˆT (V ) ,
U ⊂M , V ⊂ N open, denote the canonical inclusions.
By the universal property of the cross product there is a 1-1 corre-
spondence between the P-points c ∈P M×N of M×N and pairs
(a, b) of P-points a ∈P M and b ∈P N given by the assignment
c 7→ (Pr1(c),Pr2(c)) .
Let me give two typical proofs:
First we prove the statement of (iii) in the real case (same proof in the
complex case): ”⇒” is trivial. ”⇐” will be proven by induction on n ∈ IN
with In = 0 , I ⊳ P being the unique maximal ideal of P . If n = 1 then
of course the statement is trivial since then ΦV (f) = f ◦ ϕ|ϕ−1(V ) for all
V ⊂ N open and f ∈ C∞(V ) .
Now let In+1 = 0 . Then we define Q := P /In . Clearly Q has
J := I /In as unique maximal ideal, and J n = 0 . Let ♮ : P → Q denote
the canonical projection. M♮ := (M,S /InS ) and N ♮ := (N,T /InT ) are
real Q-manifolds, and ♮ induces sheaf projections
♮ : S → S /InS
and
♮ : T → T /InT .
Now let Φ =
(
ϕ, (φV )V⊂N open
)
be a P-morphism from M to N . Then
Φ induces a Q-morphism Φ =
(
ϕ,
(
φ♮V
)
V⊂N open
)
from M♮ to N ♮ ,
where for all V ⊂ N open φ♮V is the unique unital P-algebra morphism
(T /InT ) (V )→ (S /InS ) (ϕ−1(V )) such that
T (V ) φV−→ S (ϕ−1(V ))
♮ ↓ 	 ↓ ♮
(T /InT ) (V ) −→
φ♮V
(S /InS ) (ϕ−1(V )) .
Now we have to show that Φ is an isomorphism of ringed spaces. But since
ϕ is already bijective it suffices to show that Φ is a local isomorphism.
Therefore we may assume without loss of generality that S = C∞M ⊗ P and
T = C∞N ⊗ P . So we know that ΦV (h) = h ◦ ϕ|ϕ−1(V ) for all V ⊂ N open
and h ∈ C∞(V )⊗ In →֒ T (V ) .
By induction hypothesis we already know that Φ♮ is a P-isomorphism. Let
V ⊂ N be open and h ∈ S (ϕ−1(V )) . Then φ♮V is an isomorphism, and so
there exists f ∈ T (V ) such that φ♮V
(
f ♮
)
= h♮ , and therefore
∆ := h−φV (f) ∈ C∞
(
ϕ−1(V )
)⊗In . Since ϕ :M → N is a diffeomorphism
we can build ∆ ◦ ϕ−1∣∣
V
∈ C∞(V )⊗ In , and
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φV
(
f +∆ ◦ ϕ−1∣∣
V
)
= h−∆+ φV
(
∆ ◦ ϕ−1∣∣
V
)
= h
by (i) . This proves surjectivity of φV . For proving injectivity let f ∈ T (V )
such that ΦV (f) = 0 . Then Φ
♮
V
(
f ♮
)
= 0 , and so f ♮ = 0 . Therefore
f ∈ C∞(V )⊗In , and so 0 = ΦV (f) = f ◦ϕ|ϕ−1(V ) . This implies f = 0 . 
Now we prove that (N,T ) in (vii) is indeed a P-manifold of dimension
m− n in the real case (it is again the same proof in the complex case): Let
x0 ∈ N . Then it is enough to show that there exists an open neighbourhood
U ⊂M of x0 such that (U ∩N,T |U∩N ) is a real P-manifold. So first of all
choose a neighbourhood U ⊂M of x0 such that (U ∩N,T |U∩N ) is identified
with an open subset of IRm regarded as real P-manifold, and without loss
of generality we may assume that M = U . So let Φ be given by the tuple
(f1, . . . , fn) ∈ (C∞(U)⊗ P)⊕n and a by the tuple (a1, . . . , an) ∈
(PC)⊕n .
Then after maybe replacing (f1, . . . , fn) by (f1 − a1, . . . , fn − an) we may
assume without loss of generality that a = 0 . Now let the P-morphism
Φ˜ from U to IRm be given by the tuple (f1, . . . , fn, xn+1, . . . , xm) , where
x1, . . . , xm ∈ C∞(U) denote the standard coordinate functions on U . Then
since DΦ# (x) is surjective at every point x ∈ U by assumption after maybe
changing the order of the coordinates we assume without loss of generality
that DΦ˜# (x0) ∈ GL(m, IR) . So after maybe replacing U by a smaller
open neighbourhood of x0 we may assume without loss of generality that
ϕ := Φ˜# is a diffeomorphism from U to V := ϕ(U) ⊂ IRm , and so by (iii) Φ˜
is a P-isomorphism from U to V . But then we see that Φ ◦ Φ˜−1 is precisely
the projection onto the first n coordinates, which is a usual smooth map
from V to IRn . So identifying U and V via Φ˜ we may without loss of
generality assume that Φ˜ = id , and then the statement is trivial. 
Let us already here introduce the notion of P- vector bundles over P-
manifolds. It will be crucial in section 6 .
Definition 2.3 ( P- vector bundles)
(i) Let M = (M,S) be a real (complex) P-manifold. Then an S- sheaf
module E on M is called a real (holomorphic) P- vector bundle of rank r
over M iff it is locally isomorphic to S⊕r . In this case # : P → IR induces
a body map # : E → Γ∞(♦, E) ( # : E → Γhol(♦, E) ), where Γ∞(♦, E)
( # : E → Γhol(♦, E) ) is the sheaf of smooth (holomorphic) sections of a
real smooth (holomorphic) vector bundle E → M is of rank r , which is
uniquely determined by E . E# := E is called the body of E . The space
H0(E) := E(M) is called the space of global sections of E , it is a P- ( PC- )
module. If r = 1 then E is called a P- line bundle.
(ii) Let E be a real (holomorphic) P- vector bundle over the real (complex)
P-manifold M = (M,S) , and let Φ : N →֒M be a P-embedding of the real
(complex) P-manifold N = (N,T ) .
E|N := E|N
/
m E|N ,
where m denotes the kernel of the canonical sheaf projection S|N → T , is
called the restriction of the P- vector bundle E to N . It is a real (holo-
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morphic) P- vector bundle over N of rank r with body E|N . If U ⊂ M
open and F ∈ E(U) then the image F |N of F under the canonical map
E(U)→ E|N
(
ϕ−1(U)
)→ E|N (ϕ−1(U)) is called the restriction of F to N .
(iii) Let E and F be real (holomorphic) P- vector bundles over the real (com-
plex) P-manifold M = (M,S) of rank r resp. s with bodies E resp. F .
Then E ⊗ F := E ⊗S F is called the tensor product of E and F . It is a P-
vector bundle over M of rank rs with body E ⊗ F .
Let us collect some basic facts about P- vector bundles:
(i) If E is a usual real smooth (holomorphic) vector bundle of rank r
over the usual real smooth (complex) manifold M then E can be
identified with the real (holomorphic) P- vector bundle Γ∞(♦, E)⊗P
( Γhol(♦, E)⊗PC ) over M regarded as the real (complex) P-manifold
(M, C∞M ⊗ P) ( (M,OM ⊗ PC) ) .
(ii) Let E be the real (holomorphic) P- vector bundle of rank r over the
real (complex) P-manifold M = (M,S) . Then it admits local trivi-
alizations ϕi : E|Ui → (S|Ui)⊕r being S|Ui-module isomorphisms for a
suitable open cover M =
⋃
i∈I Ui , Ui ⊂M open, i ∈ I , together with
P- transition functions Aij ∈ GL (r,S (Ui ∩ Uj)) such that
E|Ui∩Uj
ϕi|Ui∩Uj ւ 	 ցϕj |Ui∩Uj(S|Ui∩Uj)⊕r −→
Aij
(S|Ui∩Uj)⊕r
for all i, j ∈ I . E# then is given by local trivializations Ui × IRr
( Ui × Cr ) , i ∈ I , together with the ordinary transition functions
A#ij ∈ GL (r, C∞ (Ui ∩ Uj)) (A#ij ∈ GL (r,O (Ui ∩ Uj)) ) .
Again the kernel of # : E → Γ∞(♦, E) ( # : E → Γhol(♦, E) ) is IE
( ICE ), and we have a canonical sheaf isomorphism
Γ∞(♦, E) ⊗ In ≃ InE ( Γhol(♦, E) ⊗ (IC)n ≃ (IC)n E ) whenever
n ∈ IN such that In+1 = 0 .
(iii) If in addition Φ =
(
ϕ, (φU )U⊂M open
)
: N →֒P M is a P-imbedding
of the real (complex) P-manifold N = (N,T ) into M we get canon-
ical maps E(U) → E|N
(
ϕ−1(U)
) → E|N (ϕ−1(U)) for all U ⊂ M
open, which are called the canonical restrictions, respecting the local
trivializations
(T |ϕ−1(Ui))r of E|N with the P- transition functions
φUi∩Uj (Aij) ∈ GL
(
r,T (ϕ−1 (Ui) ∩ ϕ−1 (Uj))) .
(iv) Now let the real (holomorphic) P- vector bundles E and F over the real
(complex) P-manifold M = (M,S) be given by local trivializations
Ui × IRr ( Ui ×Cr ) , i ∈ I , together with the P- transition functions
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Aij ∈ GL (r,S (Ui ∩ Uj)) resp. Bij ∈ GL (s,S (Ui ∩ Uj)) then E ⊗F is
given by the P- transition functions
Aij ⊗Bij ∈ GL (rs,S (Ui ∩ Uj)) .
Again if in addition Φ : N →֒P M is a P-imbedding of the real
(complex) P-manifold N = (N,T ) into M we see that
(E ⊗ F)|N = E|N ⊗F|N .
(v) One can show that if E is a real P- vector bundle over the real smooth
manifold M then E ≃ E# as P- vector bundles. This is again rigidity
under local deformations.
Examples 2.4
Let M = (M,S) be a real (complex) P-manifold of dimension n given by
local P-charts Ui ⊂ IRn ( Ui ⊂ Cn ) open, i ∈ I , forming an open cover of
M , and glueing data Φij : Ui ⊃
open
Uij →P Uji ⊂
open
Uj . Then the tangent
bundle TM and the cotangent bundle T ∗M ofM are the real (holomorphic)
P- vector bundles onM of rank n given by the local trivializations (S|Ui)⊕n ,
i ∈ I , with transition functions DΦij resp. (DΦij)−1 , where the Jacobian
DΦij ∈ GL (n,S (Uij)) is taken componentwise from the tuple
(f1, . . . , fn) ∈ (S (Uij))⊕n associated to Φij , i, j ∈ I . So clearly
(TM)# = TM and (T ∗M)# = T ∗M .
Lemma 2.5 Let M be a complex P-manifold and E be a holomorphic P-
vector bundle over M with body E →M . Let d := dimH0(E) <∞ . Then
d ≤ dimH0(E) ≤ ddimP ,
and equivalent are
(i) dimH0(E) = ddimP ,
(ii) there exist f1, . . . , fd ∈ H0(E) such that
(
f#1 , . . . , f
#
d
)
is a basis of
H0(E) ,
(iii) H0(E) is a free module over PC of rank d .
Furthermore, if f1, . . . , fd ∈ H0(E) such that
(
f#1 , . . . , f
#
d
)
is a basis of
H0(E) then (f1, . . . , fd) is a PC-basis of H0(E) .
Proof: Let I⊳P denote the unique maximal ideal of P . The first inequality
is of course trivial if I = 0 . For I 6= 0 let N ′ ∈ IN be maximal such that
IN ′ 6= 0 . Then H0(E) ⊗ (IC)N ′ = (IC)N ′ H0(E) ⊏ H0(E) , which proves
the first inequality.
The second inequality, the implication (i) ⇒ (ii) and the last statement will
be proven by induction on N ∈ IN \ {0} such that IN = 0 . If N = 1 then
I = 0 , and all statements are trivial.
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Now assume IN+1 = 0 . Then again define Q := P /IN with unique
maximal ideal J := I /IN having J N = 0 , and let ♮ : P → Q be the
canonical projection. Let E♮ := E
/(IC)N E , which is a holomorphic Q-
vector bundle over M♮ of the same rank as E , and let
♮ : H0(E)→ H0
(
E♮
)
be the linear map induced by the canonical sheaf projection E → E♮ .
Its kernel is
(IC)N H0(E) = H0(E) ⊗ (IC)N . By induction hypothesis
dimH0
(E♮) ≤ ddimQ , and so
dimH0(E) ≤ ddimQ+ ddim IN = ddimP ,
which proves the second inequality.
For proving the implication (i) ⇒ (ii) assume dimH0(E) = ddimP . Then
since dimP = dimQ + dim IN , dim
(
H0(E)⊗ (IC)N) = ddim IN and
dimH0
(E♮) ≤ ddimQ , we see that necessarily
♮ : H0(E)→ H0
(
E♮
)
is surjective and dimH0
(E♮) = ddimQ . So by induction hypothesis and
surjectivity there exist f1, . . . , fd ∈ H0 (E) such that
(
f#1 , . . . , f
#
d
)
is a
basis of H0(E) , which proves (ii) .
For proving the last statement let f1, . . . , fd ∈ H0(E) such that(
f#1 , . . . , f
#
d
)
is a basis of H0(E) . Then by induction hypothesis(
f ♮1, . . . , f
♮
d
)
is a QC-basis of H0 (E♮) . For proving that (f1, . . . , fd) spans
H0(E) over PC let F ∈ H0(E) . Then there exist a1, . . . , ad ∈ PC such that
F ♮ = a♮1f
♮
1 + · · · + a♮df ♮d ,
and so
∆ := F − a♮1f ♮1 − · · · − a♮df ♮d ∈
(
IC
)N
H0(E) = H0(E)⊗
(
IC
)N
.
Since
(
f#1 , . . . , f
#
d
)
is a basis of H0(E) we see that there exist
b1, . . . , bd ∈
(IC)N such that
∆ = f#1 ⊗ b1 + · · ·+ f#d ⊗ bd = b1f1 + · · ·+ bdfd ,
and so
F = (a1 + b1) f1 + · · ·+ (ad + bd) fd .
For proving linear independence let a1, . . . , ad ∈ PC such that
a1f1 + · · ·+ adfd = 0 .
R. Knevel 13
Then a♮1f
♮
1+ · · ·+a♮df ♮d = 0 in H0
(E♮) , and so a♮1 = · · · = a♮d = 0 . Therefore
a1, . . . , ad ∈
(IC)N , and this means
0 = a1f1 + · · · + adfd = f#1 ⊗ a1 + · · ·+ f#d ⊗ ad .
Since f#1 , . . . , f
#
d are linearly independent we get a1 = · · · = ad = 0 .
Now (ii) ⇒ (iii) follows from the last statement, and (iii) ⇒ (i) is of course
trivial. 
3 P-lattices and automorphic forms
Let G be a real Lie group. Then it is in particular a smooth real manifold,
and the multiplication on G can be written as a smooth mapm : G×G→ G .
Therefore the multiplication turns the set GP of all P-points of G into a
group via gh := m(g, h) for all g, h ∈P G , and clearly # : GP → G , g 7→ g#
is a group epimorphism. Of course the P-points of GL(n, IR) are in 1-1
correspondence with n × n -matrices having entries in P and body (taken
componentwise) in GL(n, IR) , and the product of two P-points of GL(n, IR)
can be computed via ordinary matrix multiplication.
Definition 3.1 ( P-lattices) Let Υ be a subgroup of GP . Υ is called a
P-lattice of G iff
{i} Υ# := {γ# ∣∣ γ ∈ Υ} ⊏ G is an ordinary lattice, called the body of Υ ,
and
{ii} # : Υ → Υ# , γ 7→ γ# is bijective and so automatically an isomor-
phism.
Obviously a P-lattice Υ is nothing but a local deformation over the algebra
P of the natural embedding Γ := Υ# →֒ G as a group homomorphism. Of
course given a P-lattice Υ of G with body Γ ⊏ G and g ∈P G with g# = 1
we get another P-lattice gΥg−1 of G with same body Γ . The set of all
P-lattices of G of the form gΥg−1 of G , g ∈P G , g# = 1 , is called the
conjugacy class of Υ . In the case I2 = 0 , where I ⊳P denotes the unique
maximal ideal of P , given an ordinary lattice Γ the conjugacy classes of
P-lattices Υ with body Γ are in 1-1 correspondence with H1 (Γ, g) ⊗ I , Γ
acting on the Lie algebra g of G by Ad , see for example [6] .
Lemma 3.2
(i) Let Υ be a P-lattice of G , γ ∈P Υ and n ∈ IN\{0} such that
(
γ#
)n
= 1 .
Then γn = 1 .
(ii) Let g ∈P G with gn = 1 and g# ∈ Z(G) . Then g = g# .
Proof: (i) Obviously γn ∈ Υ having (γn)# = 1 . Therefore γn = 1 by
property {ii} . 
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(ii) Clearly
(
g#
)n
= (gn)# = 1 . And so it suffices to show that
ϕ : G→ G , h 7→ hn is a local diffeomorphism at g# . But, since g# ∈ Z(G)
one can easily compute
Dϕ
(
g#
)
= n
(
Dtg#(1)
)−1
,
which is invertible since the translation tg# : G → G with g# is a diffeo-
morphism. 
Let H := {z ∈ C | Im z > 0} be the usual upper half plane, and from now
on let G := SL(2, IR) . Then G acts on H via Mo¨bius transformations
gz :=
az + b
cz + d
, g =
(
a b
c d
)
,
more precisely we have a group epimorphism : G → Aut(H) with kernel
{±1} = Z(G) . The action of G on H induces a morphism of ringed spaces(
G×H,pr∗1 (C∞G )C ⊗ˆpr∗2OH
)
→ (H,OH) ,
and therefore a group homomorphism GP → {P-automorphisms of H}
respecting # with kernel {±1} , which is no longer surjective if P 6= IR .
If g ∈P G then g as a P-automorphism of H is given by gz ∈ O(H) ⊗ PC .
For all U ⊂ H open and f ∈ O(U)⊗PC denote by f(gz) ∈ O (g−1U)⊗PC
the pullback of f under g . If U is invariant under g# then we say f is
g-invariant if and only if f(gz) = f .
Let k ∈ IN be fixed for the rest of the article, and let j ∈ C∞(G)C⊗ˆO(B) be
given by
j(g, z) :=
1
cz + d
, g =
(
a b
c d
)
.
Then j fulfills the cocycle property j(gh, z) = j(g, hz)j(h, z) , and an easy
computation shows that j(g, z)2 = g′(z) , g regarded as an automorphism
of H .
This gives a right-action of G on O(H) by
| : O(H)→ C∞(G)C⊗ˆO(H) , f |g(z) := f(gz)j(g, z)k ,
and this induces an action of GP on O(H)⊗ PC given by
|g : O(H)⊗ PC → O(H)⊗ PC , f |g(z) := f(gz)j(g, z)k
for all g ∈P G , or more precisely for all U ⊂ H this gives a PC-linear map
|g : O(U)⊗ PC → O
(
g−1U
)⊗ PC , f |g(z) := f(gz)j(g, z)k .
From now on let Υ be a fixed P-lattice in G with body Γ := Υ# .
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Examples 3.3
(i) Let Γ := SL(2,Z) . Then Γ is the free group generated by the two ma-
trices R :=
(
0 1
−1 −1
)
and S :=
(
0 1
−1 0
)
modulo the relations
R3 = S4 = 1 . One can easily compute that the equations g3 = h4 = 1
define a smooth submanifold M of G2 of dimension 4 near the point
(R,S) and that the map
ϕ : G→M , g 7→ (g−1Rg, g−1Sg)
has injective differential at g = 1 . So take any smooth submanifold
M ′ ⊂M of dimension 1 such that T(R,S)M = T(R,S)M ′ ⊕ Im Dϕ(1) .
Then obviously the conjugacy classes of P-lattices Υ with Υ# = Γ are
in 1-1 correspondence with P-points x ∈P M ′ having x# = (R,S) ,
and so via a local chart of M ′ at (R,S) with I . In particular
H1(Γ, g) = T(R,S)M
/
Im Dϕ(1) ≃ g /(zg(R) + zg(S))
has dimension 1 .
(ii) Let X be a compact Riemann surface of genus g , s1, . . . , sm ∈ X ,
3g +m ≥ 3 . Then the universal covering of X \ {s1, . . . , sm} is iso-
morphic to H , and by [5] one can write X \ {s1, . . . , sm} = Γ \ H ,
where Γ ⊂ G is a lattice without elliptic elements having
−1 /∈ Γ , it is the free group generated by some hyperbolic elements
A1, B1, . . . , Ag, Bg ∈ G and parabolic elements C1, . . . , Cn ∈ G mod-
ulo the single relation
[A1, B1] . . . [Ag, Bg]C1 . . . Cm = 1 .
Then by exactly the same method as in (i) one obtains a 1-1 corre-
spondence between the conjugacy classes of P-lattices Υ with Υ# = Γ
and P-points x of a suitable (6(g − 1) + 3m)-dimensional smooth sub-
manifold of G2g+m having x# = (A1, B1, . . . , Ag, Bg, C1, . . . , Cm) and
so with I⊕(6(g−1)+3m) . In particular
dimH1(Γ, g) = 6(g − 1) + 3m.
For defining automorphic forms with respect to the P-lattice Υ we need
some more informtion about the behaviour of Γ being an ordinary lattice in
G . Let IP1 denote the Riemann sphere, on which SL(2,C) acts viaMo¨bius
transformations. For z ∈ H ∪ ∂IP1H denote by z := Γz the image of z under
the canonical projection H → Γ\H resp. ∂IP1H → Γ\∂IP1H .
Definition 3.4
(i) An element z0 ∈ Γ\H , z0 ∈ H , is called regular iff Γz0 = {id} ,
(ii) an element z0 ∈ Γ\H , z0 ∈ H , is called elliptic iff Γz0 6= {id} , and
Finally,
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(iii) an element z0 ∈ Γ\∂IP1H , z0 ∈ ∂IP1H , is called a cusp of Γ\H iff
Γ ∩ P z0 6= {id} , where P z0 ⊏ G denotes the parabolic subgroup associated
to z0 .
It is a well known fact that there exist always only finitely many el-
liptic points in Γ\H , Γ\H has always only finitely many cusps, and
the quotient Γ\H can be compactified as a topological space by adding
the cusps of Γ\H . This can for example be deduced from theorem 0.6 in [2] .
Since G acts transitively on H we see that for each z0 ∈ H there exists g ∈ G
such that gi = z0 , and therefore G
z0 = gKg−1 , where K := Gi ≃ IR/Z
is a maximal compact subgroup of G . Therefore if z0 is an elliptic point
of Γ\H then Γz0 ⊏ Gz0 and Γz0 ⊏ Gz0 are finite non-trivial cyclic groups.
ord Γ
z0 ∈ IN is called the period of z0 .
Since Furthermore, G acts transitively on the boundary ∂IP1H of H we see
that for each z0 ∈ ∂IP1H there exists an element g ∈ G such that g(∞) = z0 ,
and so P z0 = gP∞g−1 . Recall that P∞ ≃ IR is the one-parameter-subgroup
generated by χ0 ∈ g , g being the Lie algebra of G , with
χ0 =
(
0 1
0 0
)
.
Therefore if z0 is a cusp of Γ\H then Γ ∩ P z0 is infinite cyclic, and one can
always choose g ∈ G such that in addition g−1Γg ∩ P∞ = 〈g0〉 , where
g0 :=
(
1 1
0 1
)
= exp (χ0) .
Lemma 3.5
(i) Let g ∈P G such that g# = g0 . Then there exists a unique χ ∈ g ⊗ P
such that χ# = χ0 and g = exp(χ) .
(ii) Let χ ∈ g⊗P with body χ# = χ0 . Then there exists a P-automorphism
Ω : H →P H such that Ω# = id and
H
Ω−→ H
exp (tχ0) : z 7→ z + t ↓ 	 ↓ exp(tχ)
H −→
Ω
H
for all t ∈ IR . All other P-automorphisms with this property are given by
z 7→ Ω (z + a) where a ∈ IC .
Proof: (i) For proving this statement it suffices to show that exp is a local
diffeomorphism at χ0 . We use theorem 1.7 of chapter II section 1.4 in [4] ,
which says the following:
Let G be a Lie group with Lie algebra g . The exponential
mapping of the manifold g into G has the differential
D expX = D (lexpX)e ◦
1− e−adX
adX
(X ∈ g) .
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As usual, g is here identified with the tangent space gX .
Hereby e denotes the unit element of the Lie group G , lg denotes the left
translation on G with an element g ∈ G , and exp is used as a local chart
of G at e .
Since χ0 is nilpotent in g we see that also adχ0 ∈ End(g) is nilpotent, and
so is 1−e
−adχ0
adχ0
− 1 ∈ End(g) . Since lexpχ0 : G→ G is a diffeomorphism, we
obtain the desired result applying the theorem with X := χ0 . 
(ii) Since χ# = χ0 an easy calculation shows that χ is nilpotent as a matrix
with entries in P . Therefore since in addition exp (tχ0) is upper triangle we
see that ω := exp(tχ) i ∈ PC[t] with body ω# = exp (tχ#) i = t+ i . Now
let Ω := ω(t − i) ∈ PC[t] . Then Ω# = t , and so Ω can be regarded as a
P-automorphism Ω : H → H having Ω# = id .
Since everything in the diagramme is given by tuples of holomorphic func-
tions on H it suffices to prove its commutativity on the non discrete subset
IR + i ⊂ H . So let t, u ∈ IR . Then
(Ω ◦ exp (tχ0)) (u+ i) = Ω(u+ i+ t)
= ω(u+ t)
= exp(tχ) exp(uχ)i
= exp(tχ)ω(u)
= (exp(tχ) ◦Ω) (u+ i) .
Now let Ω˜ : H →P H be another P-automorphism. Then Ω˜ has the
same properties iff Ω−1 ◦ Ω˜ is a P-automorphism with body id and
commuting with all translations H → H , z 7→ z + t , t ∈ IR , iff(
Ω−1 ◦ Ω˜
)
(z) = z + a with some a ∈ O(H) ⊗ IC and invariant under the
translations H → H , z 7→ z + t , t ∈ IR , and therefore constant. 
Definition 3.6 Let z0 ∈ ∂IP1H , γ ∈P G such that γ# ∈ P z0\{±1} , U ⊂ H
open and γ#-invariant and Finally, f ∈ O(U)⊗PC such that f |γ = f or f
γ-invariant (which is nothing but f |γ = f for k = 0 ). Let g ∈ G such that
g∞ = z0 and g0 = g−1γ#g . Furthermore, assume that there exists c > 0
such that
{Im z > c} ⊂ g−1U ,
which is g0-invariant. Let χ and Ω be given by lemma 3.5 taken
g˜0 := g
−1γ#g instead of g having body g0 . If we define f |g|Ω as
f |g|Ω (z) := f |g (Ωz)Ω′(z)k/2
then we see that
f |g|Ω (z) = f |g|Ω
∣∣
g0
(z) = f |g|Ω (z + 1) .
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Now f is called bounded (vanishing) at z0 iff f |g|Ω (z) is bounded, and there-
fore converging, (resp. vanishing) for Im z  ∞ .
Observe that (Ω′)r is well defined for all r ∈ IR since Ω# = id , and so
(Ω′)# = 1 . Clearly the definition does not depend on the choice of g and
Ω because g is uniquely determined up to ±1 , and if Ω˜ is another choice
for Ω then Ω˜(z) = Ω(z + a) by lemma 3.5 with some a ∈ IC . Therefore
f |g|Ω˜ (z) = f |g|Ω (z + a) .
Definition 3.7 (automorphic and cusp forms for Υ ) Let
f ∈ O(H)⊗PC . f is called an automorphic (cusp) form for Υ of weight k
iff
(i) f |γ = f for all γ ∈P Υ ,
(ii) f is bounded (vanishing) at all cusps z0 ∈ Γ \∂IP1H of Γ\H .
The space of automorphic (cusp) forms for Υ of weight k is denoted by
Mk(Υ) (resp. Sk(Υ) ) . We have Sk(Υ) ⊏ Mk(Υ) ⊏ O(H) ⊗ PC as PC-
submodules.
Since (f |g)# = f#
∣∣
g#
for all f ∈ O(H) ⊗ PC and g ∈P G we see that
Mk(Υ)
# =Mk(Γ) and Sk(Υ)
# = Sk(Γ) . Using lemma 3.2 we observe that
−1 ∈ Γ⇔ −1 ∈ Υ , and so in this case Mk(Υ) = 0 if 2 6 |k .
Theorem 3.8
dimMk(Γ) ≤ dimMk(Υ) ≤ dimMk(Υ) dimP
( dimSk(Γ) ≤ dimSk(Υ) ≤ dimSk(Υ) dimP ) ,
and equivalent are
(i) dimMk(Υ) = dimMk(Γ) dimP ( dimSk(Υ) = dimSk(Γ) dimP ),
(ii) there exist f1, . . . , fr ∈ Mk(Υ) ( f1, . . . , fr ∈ Sk(Υ) ) such that(
f#1 , . . . , f
#
r
)
is a basis of Mk(Γ) ( Sk(Γ) ),
(iii) Mk(Υ) ( Sk(Υ) ) is a free module over PC of rank dimMk(Γ)
( dimSk(Γ) ).
Furthermore, if f1, . . . , fr ∈ Mk(Υ) ( f1, . . . , fr ∈ Sk(Υ) ) such that(
f#1 , . . . , f
#
r
)
is a basis of Mk(Γ) ( Sk(Γ) ) then (f1, . . . , fr) is a PC-basis
of Mk(Υ) ( Sk(Υ) ).
Proof: This is a corollary of lemma 2.5 since in section 4 and 6 we will
show that Mk(Γ) and Sk(Γ) are the spaces of global sections for certain
holomorphic P- line bundles on Υ\H ∪ { cusps of Γ\H} as P- Riemann
surface. 
The aim of this article is now to prove that in almost all cases we have an
isomorphism Mk(Υ) ≃Mk(Γ)⊗PC mapping Sk(Υ) to Sk(Γ)⊗ PC .
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4 The quotient as a P- Riemann surface
It is a well known fact that there exists a structure of a compact Riemann
surface on X := Γ\H ∪{ cusps of Γ\H} such that the subsheaf of OH of Γ-
invariant functions is the pullback of OX |Γ\H under the canonical projection
π : H → Γ\H →֒ X . Now we will construct a P- Riemann surface
X = (X,S) such that the subsheaf of OH ⊗ PC of Υ-invariant functions is
precisely the pullback of S|Γ\H under the canonical projection
π : H → Γ\H . For this purpose define the sheaf S of PC-algebras on X as
S(V ) :=
{
f ∈ O (π−1(V ))⊗ PC Υ-invariant and bounded at
all cusps z0 ∈ V of Γ\H
}
for all V ⊂ X open. Recall that a function f ∈ O (π−1(V )) ⊗ PC is called
Υ-invariant iff f(γz) = f for all γ ∈ Υ . Now one has to show that locally
S ≃ OX ⊗PC . We will do this giving local P-charts for X . On may define
the P- Riemann surface Υ\H := (Γ\H,S|Γ\H) to be the quotient of H by
Υ and the P-morphism Π :=
(
π, (iV )V⊂Γ\H open
)
from H to Υ\H as the
canonical P-projection, where iV : S(V ) →֒ O
(
π−1(V )
) ⊗ PC , V ⊂ Γ\H
open, denote the canonical inclusions.
Let F be the S- sheaf module on X given by
F(V ) :=
{
f ∈ O (π−1(V ))⊗ PC ∣∣∣ f |γ = f for all γ ∈ Υ and
f bounded at all cusps z0 ∈ V of Γ\H
}
for all V ⊂ X open. If −1 ∈ Γ and k is odd then of course F = 0 , and
in the cases where either k is even or k is odd and −1 /∈ Γ we will show
that F is a holomorphic P- line bundle over X . For this purpose we have
to give local trivializations F ≃ S as S- sheaf modules. Then obviously
Mk(Υ) = H
0(F) .
For g ∈ G let πg : H → 〈g〉 \H denote the canonical projection.
At regular points of Γ\H :
Let z0 ∈ Γ\H , z0 ∈ H , be regular. Then there exists an open
neighbourhood U ⊂ H of z0 auch that γU ∩ U = ∅ for all
γ ∈ Γ \ {1} , and so
π|U : U → π(U) ⊂
open
X
is biholomorphic. Its inverse is a local chart of X at z0 .
For giving a local P-chart of X at z0 we will show that locally Π
is an isomorphism at z0 . Indeed the restriction of Π to U is given
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by Π|U =
(
π|U ,
(|π−1(V )∩U)V⊂π(U) open ) from (U,OU ⊗PC) to(
π(U),S|π(U)
)
as ringed spaces, where for all V ∈ π(U) open
|π−1(V )∩U : S(V ) =
{
f ∈ O (π−1(V ))⊗ PC Υ-invariant }
→ O (π−1(V ) ∩ U)⊗ PC
simply denotes the restriction map. It is indeed an isomorphism
of PC-algebras since π−1(V ) = ⋃˙γ∈Γ γ (π−1(V ) ∩ U) for all
V ⊂ π(U) open. So (Π|U )−1 is a local P-chart for X .
For giving a local trivialization of F at z0 identify the ringed
spaces
(
U,OU ⊗ PC
)
and
(
π(U),S|π(U)
)
via Π|U . Then we see
by the same argument that the restriction maps
|π−1(V )∩U : F(V )→ O
(
π−1(V ) ∩ U)⊗ PC ,
V ⊂ π(U) open, give an isomorphism of the S|π(U)- sheaf mod-
ules F|π(U) and OU ⊗ PC .
At elliptic points of Γ\H :
Let z0 ∈ Γ\H , z0 ∈ H , be elliptic of period n and g ∈ G
such that gi = z0 . Then Γ
z0 = 〈γ0〉 ⊂ Gz0 = gKg−1 for some
γ0 ∈ Γz0 .
Let π : 〈γ0〉 \H → Γ\H denote the canonical projection. Then
π = π ◦ πγ0 . Now we choose
c : B :=
{
z ∈ C
∣∣∣ |z| < 1}→ H , z 7→ −i z + 1
z − 1
as a Cayley transform with c(0) = i . It is clearly biholomor-
phic, and c−1g−1γ0gc fixes 0 as an automorphism of B and so
is given by multiplication with a suitable η ∈ U(1) of order n .
Therefore
ϕ : B
n√
−→ 〈η〉\B c−→ 〈g−1γ0g〉∖H g−→ 〈γ0〉\H π−→Γ\H
gives a locally biholomorphic map at 0 7→ 0 7→ i 7→ z0 7→ z0 ,
and so ϕ−1 is a local chart of Γ\H at z0 .
For giving a local P-chart of X at z0 define the sheaves O˜B , O˜H
of unital complex algebras and the sheaf S˜ of unital PC-algebras
on 〈η〉 \B , 〈g−1γ0g〉∖H resp. 〈γ0〉 \H by
O˜B(V ) :=
{
f ∈ O (π−1η (V )) ∣∣ f(ηw) = f} ,
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O˜H(V ) :=
{
f ∈ O
(
π−1
g−1γ0g
(U)
) ∣∣∣ f (g−1γ0gz) = f}
and
S˜(V ) :=
{
f ∈ O (π−1γ0 (V )) ⊗ PC ∣∣∣ f (γ˜0z) = f}
for all V ⊂ 〈η〉 \B , V ⊂ 〈g−1γ0g〉∖H resp. V ⊂ 〈γ0〉\H ,
where πη : B → 〈η〉 \B denotes the canonical projection and
γ˜0 ∈ Υ is the unique element such that γ˜0# = γ0 . We will see
that ϕ extends to a local isomorphism
Φ :
(
B,OB ⊗ PC
)
→
(
〈η〉 \B , O˜B ⊗ PC
)
→
(〈
g−1γ0g
〉∖
H , O˜H ⊗ PC
)
→
(
〈γ0〉\H , S˜
)
→ X
of ringed spaces at 0 7→ z0 , and therefore Φ−1 is a local P-chart
of X . The first and the second isomorphism are just induced by
n
√
and c .
Lemma 4.1
(i) There exists a unique z˜0 ∈P H such that γ˜0z˜0 = z˜0 , and
z˜0
# = z0 .
(ii) There exists g˜ ∈P H such that g˜# = g and g˜ i = z˜0 .
Proof: (i) : Let E := {g ∈ G elliptic } ⊂ G and
M := {(g, z) ∈ E ×H | gz = z} .
Then M is the preimage of 0 under the smooth map
E ×H → H , (g, z) 7→ gz − z with surjective differential every-
where. One can easily show thatM is at the same time the graph
of a smooth map ϕ : E → H , this means it is the preimage of 0
under the smooth map E ×H → C , (g, z) 7→ ϕ(g)− z with sur-
jective differential everywhere. So γ˜0z˜0 = z˜0 ⇔ z˜0 = ϕ (γ˜0) . 
(ii) : One also can easily compute a smooth map
ϕ : H → G such that z = ϕ(z)i for all z ∈ H . So take
g˜ := ϕ (z˜0)ϕ (z0)
−1 g ∈P G . 
So g˜−1γ˜0g˜ ∈P K since it fixes i , and
(
g˜−1γ˜0g˜
)2n
= 1 . Therefore
by lemma 3.2 since K is commutative we have
g˜−1γ˜0g˜ =
(
g˜−1γ˜0g˜
)#
= g−1γ0g ∈ K .
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This gives the commuting diagram
H
g˜−→ H
g−1γ0g ↓ 	 ↓ γ˜0
H −→˜
g
H
of P-automorphisms inducing the third isomorphism. For the
last isomorphism let U ⊂ 〈γ0〉 \H be an open neighbourhood of
πγ0 (z0) such that
π|U : U → π(U) ⊂open X
is biholomorphic. Then for all V ⊂ π(U) open
π−1γ0
(
π−1(V ) ∩ U) ⊂ H is already γ0-invariant, and
π−1(V ) =
⋃˙
γ∈Γ/〈γ0〉
γ π−1γ0
(
π−1(V ) ∩ U) .
So similar to the case of a regular point one gets a whole iso-
morphism
(
π|U ,
(
|π−1γ0 (π−1(V )∩U)
)
V⊂π(U) open
)
of ringed spaces
from
(
U, S˜
∣∣∣
U
)
to
(
π(U),S|π(U)
)
, where
|π−1γ0 (π−1(V )∩U) :
S(V ) =
{
f ∈ O (π−1(V ))⊗ PC Υ-invariant }
→ S˜ (π−1(V ) ∩ U)
=
{
f ∈ O (π−1γ0 (π−1(V ) ∩ U))⊗ PC ∣∣∣ f (γ˜0z) = f}
is simply the restriction map, which is an isomorphism of unital
PC-algebras.
Definition 4.2 Φ(0) = Π (z0) ∈P Υ\H is called an elliptic
point of Υ\H . Its body is z0 , which is an elliptic point of
Γ\H .
For giving a local trivialization of F at z0 first of all iden-
tify the ringed spaces
(
B,OB ⊗ PC
)
,
(
〈η〉 \B , O˜B ⊗ PC
)
,(〈
g−1γ0g
〉∖
H , O˜H ⊗PC
)
and X via Φ locally at
0 7→ 0 7→ i 7→ z0 and define the O˜H - sheaf module EH on〈
g−1γ0g
〉∖
H by
EH(V ) :=
{
f ∈ O
(
π−1
g−1γ0g
(V )
) ∣∣∣ f |g−1γ0g = f}
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for all V ⊂ 〈g−1γ0g〉∖H open. Now we show that locally at z0
we have S- sheaf module isomorphisms
F → EH ⊗ PC → EB ⊗ PC → OB ⊗ PC ,
where EB is a suitable O˜B- sheaf module on 〈η〉 \B . Simi-
lar to Φ the first isomorphism is given by the restriction maps
|π−1γ0 (π−1(V )∩U) , V ⊂ π(U) open, followed by |g . The second
one is given by
|c : EH(V )→ EB
(
c−1(V )
)
, f 7→ f |c := f (c(w)) j(c, w)k
for all V ⊂ 〈g−1γ0g〉∖H , where w denotes the standard
holomorphic coordinate on B and j(c, w) := 1−i2
1
z−1 ∈ O(B) is
chosen such that j(c, w)2 = c′ .
If 2|k then EB is given by
EB(V ) :=
{
f ∈ O (π−1η (V )) ∣∣∣ f(ηw) ηk/2 = f }
and the last isomorphism by
EB(V )→ O
((
n
√ )−1
(V )
)
, f 7→ f ( n√w ) n√w k/2 w−⌈ k2n⌉
for all V ⊂ 〈η〉 \B open.
If 2 6 |k and −1 /∈ Γ then automatically 2 6 |n , and so there exists
a unique ε ∈ 〈η〉 such that ε2 = η and so ord ε = n . Now EB is
given by
EB(V ) :=
{
f ∈ O (π−1η (V )) ∣∣ f(ηw) εk = f}
and the last isomorphism by
EB(V )→ O
((
n
√ )−1
(V )
)
, f 7→ f ( n√w ) n√w (k+n)/2 w−⌈k+n2n ⌉
for all V ⊂ 〈η〉 \B open.
At cusps of Γ\H :
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Let z0 ∈ Γ \∂IP1H , z0 ∈ ∂IP1H , be a cusp of Γ\H , and let
g ∈ G such that g∞ = z0 and g−1Γg ∩ P∞ = 〈g0〉 . Let
π :
〈
gg0g
−1〉∖H ∪ {z0} → X denote the canonical projection.
Then π = π ◦πgg0g−1 , and similar to the case of an elliptic point
ψ : B
log
2πi−→ 〈g0〉\H ∪ {∞} id−→ 〈g0〉\H ∪ {∞}
g−→ 〈gg0g−1〉∖H ∪ {z0} π−→X
gives a locally biholomorphic map at 0 7→ ∞ 7→ ∞ 7→ z0 7→ z0 ,
so ψ−1 is a local chart of X at z0 .
Now for giving a local P-chart of X at z0 define the sheaf O˜
of complex algebras on 〈g0〉\H ∪ {∞} , the sheaf S˜∞ of PC-
algebras on 〈g0〉\H ∪ {∞} and the sheaf S˜z0 of PC-algebras on〈
gg0g−1
〉∖
H ∪ {z0} by
O˜(V ) := {f ∈ O (π−1g0 (V \ {∞})) ∣∣ f (g0z) = f and
f bounded at ∞ if ∞ ∈ V }
and
S˜∞(V ) :=
{
f ∈ O (π−1g0 (V \ {∞}))⊗ PC ∣∣∣ f (g˜0z) = f and
f bounded at ∞ if ∞ ∈ V }
for all V ⊂ 〈g0〉\H ∪ {∞} open, and Finally,
S˜z0(V ) :=
{
f ∈ O
(
π−1
gg0g−1
(V \ {z0})
)
⊗ PC
∣∣∣ f (g˜0z) = f
and f bounded at z0 if z0 ∈ V
}
for all V ⊂
〈
gg0g−1
〉∖
H ∪ {z0} open, where g˜0 ∈ g−1Υg is the
unique element such that g˜0
# = g0 . Again we will see that ψ
extends to a local isomorphism
Ψ :
(
B,OB ⊗ PC
)
→
(
〈g0〉\H ∪ {∞} , O˜ ⊗ PC
)
→
(
〈g0〉\H ∪ {∞} , S˜∞
)
→
(〈
gg0g
−1〉∖H ∪ {z0} , S˜z0)→ X
of ringed spaces at 0 7→ z0 , and therefore Ψ−1 is a local P-chart
of X at z0 . The first isomorphism is induced by log2πi . Now let χ
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and Ω again be given by lemma 3.5 taken g˜0 instead of g . This
leads to the commuting diagram
H
Ω−→ H
g0 ↓ 	 ↓ g˜0
H −→
Ω
H
of P-automorphisms inducing the second isomorphism, and the
third isomorphism is induced by g as an automorphism of H .
The last isomorphism is obtained by the same procedure as the
one for elliptic points using an open neighbourhood
U ⊂ 〈gg0g−1〉 \H ∪ {z0} of z0 such that
π|U : U → π(U) ⊂open X
is biholomorphic.
Definition 4.3 Ψ(0) ∈P X is called a cusp of Υ\H . Its body
is z0 ∈ X , which is a cusp of Γ\H .
Observe that in general there is no interpretation of Ψ(0) as a
P-point of ∂IP1H .
For giving a local trivialization of F at z0 identify the ringed
spaces
(
B,OB ⊗ PC
)
,
(
〈g0〉 \H ∪ {∞} , O˜ ⊗ PC
)
and X via Ψ
locally at 0 7→ ∞ 7→ z0 . Now we show that locally at z0 we have
S- sheaf module isomorphisms
F → E ⊗ PC → OB ⊗ PC ,
where E is a suitable O˜- sheaf module on 〈g0〉 \H . Similar
to Ψ the first isomorphism is given by the restriction maps
|π−1γ0 (π−1(V )∩U) , V ⊂ π(U) open, followed by |g and |Ω .
Definition 4.4 Assume −1 /∈ Γ . Then either g0 ∈ g−1Γg or
−g0 ∈ g−1Γg . So the cusp z0 ∈ X of Γ\H is called even (odd)
iff g0 ∈ g−1Γg (resp. −g0 ∈ g−1Γg ).
If either 2|k or 2 6 |k , −1 /∈ Γ and z0 even then E is given by
E(V ) := {f ∈ O (π−1g0 (V \ {∞})) ∣∣ f |g0 = f and
f bounded at ∞ if ∞ ∈ V }
and since f |g0(z) = f(z + 1) for all z ∈ H the last isomorphism
by
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E(V )→ O
((
log
2πi
)−1
(V )
)
, f 7→ f
(
logw
2πi
)
for all V ⊂ 〈g0〉\H open, where w denotes the standard
holomorphic coordinate on B .
If 2 6 |k , −1 /∈ Γ and z0 odd then E is given by
E(V ) := {f ∈ O (π−1g0 (V \ {∞})) ∣∣ f |−g0 = f and
f bounded at ∞ if ∞ ∈ V }
and since f |−g0(z) = −f(z+1) for all z ∈ H the last isomorphism
by
E(V )→ O
((
log
2πi
)−1
(V )
)
, f 7→ f
(
logw
2πi
)
e−
1
2
logw
for all V ⊂ 〈g0〉\H open.
5 P-points of the Teichmu¨ller space
Let g ∈ IN and Tg be the Teichmu¨ller space for genus g . Let us recall
some basic properties. Tg is a complex domain of dimension
Ng =

0 if g = 0
1 if g = 1
3(g − 1) if g ≥ 2
.
For every a ∈ Tg let S(a) be its corresponding compact Riemann surface
of genus g . Then all these compact Riemann surfaces S(a) , a ∈ Tg , glue
together to a holomorphic family π : Ξg → Tg over Tg with S(a) := π−1(a) ,
a ∈ Tg , in particular π is a holomorphic submersion, and the moduli space
of compact Riemann surfaces of genus g is given by
Mg = Tg /Γg
with a certain discrete subgroup Γg ⊏ AutTg .
Examples 5.1
(i) T0 consists of one single point with the Riemann sphere IP1 as corre-
sponding compact Riemann surface.
(ii) T1 = H , Γg = SL(2,Z) , and S(a) = C/(Z+ aZ) for all a ∈ H .
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Now let a ∈ Tg be fixed and S(a) be given by U1, . . . , Un ⊂ C open together
with the glueing data
σij : Ui ⊃
open
Uij → Uji ⊂
open
Uj
biholomorphic. Then of course (Ui)i=1,...,n is an open cover of S(a) , and
after some refinement of this open cover we may assume that
H1
(
(Ui)i∈{1,...,n} , TX
)
≃ H1(X,TX) ≃ TaTg canonically, and then using
charts of Ξg where the projection π is just given by projecting onto the first
Ng coordinates we see that there exist an open neighbourhood B of a in Tg
and families
(
U
(w)
ij
)
w∈B
,
(
σ
(w)
ij
)
w∈B
, i, j = 1, . . . , n , such that
{i}
U
(w)
ij ⊂ Ui
is open and
σ
(w)
ij : U
(w)
ij → U (w)ji
is biholomorphic for all i, j = 1, . . . , n and w ∈ B ,
{ii} ⋃˙
w∈BU
(w)
ij ⊂ Ui ×B
is open and
⋃˙
w∈BU
(w)
ij → C , (z,w) 7→ σ(w)ij (z)
is holomorphic for all i, j = 1, . . . , n ,
{iii} U (a)ij = Uij and σ(a)ij = σij for all i, j = 1, . . . , n , and Finally,
{iv} S(w) is given by the glueing data
σ
(w)
ij : Ui ⊃open U
(w)
ij → U (w)ji ⊂open Uj
for all w ∈ B , and so in particular we have a C-linear map
Ω : TaTg → Z1
(
(Ui)i∈{1,...,n} , TX
)
,
v 7→
((
σ′ij
)−1 (
∂tσ
(a+tv)
ij
∣∣∣
t=0
))
i,j∈{1,...,n}
such that [ ] ◦ Ω : TaTg → H1(X,TX) is an isomorphism, where
[ ] : Z1
(
(Ui)i∈{1,...,n} , TX
)
→ H1
(
(Ui)i∈{1,...,n} , TX
)
→֒ H1(X,TX)
denotes the canonical projection.
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Now let a˜ ∈P B such that a˜# = a . Then according to (vii) of section 2 we
can assign to a˜ the P- Riemann surface S (a˜) = π−1 (a˜) . S (a˜) is given by
the local P-charts U1, . . . , Un ⊂ C with the P- glueing data
σa˜ij : Ui ⊃
open
Uij →P Uji ⊂
open
Uj ,
which are P-isomorphisms, and clearly its body is S(a) . The purpose of
this section is to show that any P- Riemann surface X with compact body
X := X# of genus g can be realized as a P-point of the Teichmu¨ller space
Tg , which is of general interest. Before doing so we need a lemma:
Lemma 5.2
(i) Let X be a P- Riemann surface such that X := X# is compact of genus
g ≥ 2 , and let Φ be a P-automorphism of X with Φ# = id . Then Φ = id .
(ii) Let a ∈P H = T1 . Then the P-automorphisms of S(a) = C/(Z + aZ)
with id as body are given by the translations
tb : C/(Z+ aZ)→P C/(Z + aZ) , z 7→ z + b ,
b ∈ IC , where I ⊳ P denotes the unique maximal ideal in P .
Recall that the P- Riemann surface S(a) = C/(Z+aZ) in (ii) can be written
as
(
C
/(
Z+ a#Z
)
,S) , where S is given by
S(U) :=
{
f ∈ O (π−1(U))⊗ PC ∣∣∣ f(z +m+ na) = f(z) for all m,n ∈ Z}
for all U ⊂ C/(Z+ a#Z) open and π : C → C/(Z+ a#Z) denotes the
canonical projection.
Proof: via induction on N , where IN = 0 , I being the unique maximal
ideal of P . If N = 1 then P = IR , and so both assertions are trivial. Now
assume IN+1 = 0 , and define
Q := P /IN
with unique maximal ideal J := I /IN ⊳ Q having JN = 0 , and let
♮ : P → Q be the canonical projection.
For proving (i) let X be a P- Riemann surface with body X := X# ,
compact of genus ≥ 2 , and Φ be a P-automorphism of X with Φ# = id .
Let X be given by U1, . . . , Un ⊂ C open together with the P- glueing data
ϕij : Ui ⊃
open
Uij →P Uji ⊂
open
Uj .
Then in the local P-charts Ui , i = 1, . . . , n , Φ is given by P-automorphisms
Φi : Ui →P Ui having Φ#i = id and
Uij
ϕij−→ Uji
Φi|Uij ↑ 	 ↑ Φj|Uji
Uij −→
ϕij
Uji
.
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By induction hypothesis Φ♮ = id , so Φi = id + fi with suitable
fi ∈ O (Uij) ⊗
(IC)N , and a straight forward calculation using IN+1 = 0
shows that fi glue together to an element f ∈ H0(X,TX) ⊗
(IC)N , but
H0(X,TX) = 0 since X is of genus ≥ 2 . So all Φi = id , and so Φ = id .
For proving (ii) let a ∈P H and Φ be a P-automorphism of
S(a) = C/(Z + aZ) . By induction hypothesis we already know that
there exists c ∈ IC such that Φ♮ = tc♮ . Then the lift of Φ as a P-
automorphism of C commuting with translations by Z + aZ is given by
z 7→ z + c + f with a suitable f ∈ O(C) ⊗ (IC)N . But then f has to
be invariant under translations by Z + a#Z , and so it has to be constant
∈ (IC)N . Define b := c+ f . 
Theorem 5.3 Let X be a P- Riemann surface, whose body X = S(a) is a
compact Riemann surface of genus g , a ∈ Tg . Then there exists a unique
a˜ ∈P Tg such that
(i) a˜# = a and
(ii) there exists a P-isomorphism
Φ : S (a˜)→P X
having Φ# = id .
By lemma 5.2 Φ is uniquely determined by X if and only if g ≥ 2 .
Proof: again via induction on N , where IN = 0 , I being the unique
maximal ideal of P . If N = 1 then P = IR , and so the assertion is again
trivial. So assume IN+1 = 0 , and let X be a P- Riemann surface with
body X := X# = S(a) , a ∈ Tg . Let X be given by U1, . . . , Un ⊂ C open
together with the P- glueing data
ϕij : Ui ⊃
open
Uij →P Uji ⊂
open
Uj .
Then (Ui)i∈{1,...,n} forms an open cover of X , and after maybe some refine-
ment of this open cover we may again assume that
H1
(
(Ui)i=1,...,n , TX
)
≃ H1(X,TX) ≃ TaTg
canonically. So let B be an open neighbourhood of a in Tg and
(
U
(w)
ij
)
w∈B
and
(
σ
(w)
ij
)
w∈B
be families such that the conditions {i} - {iv} are fulfilled.
Again define Q := P /IN with unique maximal ideal J := I /IN ⊳ Q
having JN = 0 , and let ♮ : P → Q be the canonical projection. Let X♮ be
the Q- Riemann surface given by the Q- glueing data
ϕ♮ij : Ui ⊃open Uij →P Uji ⊂open Uj .
R. Knevel 30
Then evidently
(X ♮)# = X , and therefore by induction hypothesis there
exists a unique b ∈P B with b# = a such that there exists a Q-isomorphism
Ψ : S
(
b♮
)→Q X ♮ having Ψ# = id . In the local Q-charts Ui , i = 1, . . . , n ,
Ψ is given by Q-automorphisms Ψi : Ui →Q Ui having Ψ# = id and
Uij
ϕ♮ij−→ Uji
Ψi|Uij ↑ 	 ↑ Ψj|Uji
Uij −→
σ
(b♮)
ij
Uji
.
Let Ψ˜i : Ui →P Ui , i = 1, . . . , n , be arbitrary such that Ψ˜i
♮
= Ψi , and so
Ψ˜i , i = 1, . . . , n , are automatically P-automorphisms, and define
ρij :=
(
Ψ˜j
∣∣∣
Uji
)−1
◦ ϕij ◦ Ψ˜i
∣∣∣
Uij
: Uij →P Uji .
Then for all i, j = 1, . . . , n since ρ♮ij = σ
(b♮)
ij =
(
σ
(b)
ij
)♮
and σ
(b)
ij is a P-
automorphism we see that
ρij(z) = σ
(b)
ij (z + ωij(z))
with some suitable ωij ∈ O (Uij) ⊗
(IC)N , i, j ∈ {1, . . . , n} . Now an
easy calculation shows that the ωij , i, j ∈ {1, . . . , n} , form an element
ω ∈ Z1
(
(Ui)i∈{1,...,n} , TX
)
⊗ (IC)N , and therefore there exist
V ∈ TaTg ⊗
(IC)N and µ ∈ C0 ((Ui)i∈{1,...,n} , TX) ⊗ (IC)N such that
ω = Ω(V) + δµ , where δ denotes the coboundary operator on the co-
complex associated to the sheaf cohomology of TX and the open cover
X =
⋃
i=1,...,nUi . In the local charts Ui , i = 1, . . . , n , µ is given by some
µi ∈ O (Ui)⊗
(IC)N , i = 1, . . . , n . Now define a˜ := b+V and
Φi : Ui →P Ui , z 7→ Ψ˜i(z)− µi(z) ,
i = 1, . . . , n . Then a˜# = a , Φ#i = id , and so Φi , i = 1, . . . , n , are
automatically P-automorphisms. A straight forward calculation shows that
Uij
ϕij−→ Uji
Φi|Uij ↑ 	 ↑ Φj|Uji
Uij −→
σ
(a˜)
ij
Uji
,
and so Φi , i = 1, . . . , n , glue together to a P-isomorphism Φ : S (a˜)→P X
with Φ# = id . This proves the existence of a˜ .
For proving uniqueness we may assume without loss of generality that
g ≥ 1 . Let also c ∈P B such that c# = a , and let Λ : S (a˜)→P S (c) be a
P-isomorphism such that Λ# = id . We will show that c = a˜ . By induction
hypothesis we already know that a˜♮ = c♮ , so W := c− a˜ ∈ TaTg ⊗
(IC)N ,
and Λ♮ is a Q-automorphism of S (a˜)♮ = S (a˜♮) .
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First case: g ≥ 2 .
Then by lemma 5.2 (ii) we directly know that Λ♮ = id , and so in
the local charts Ui , i = 1, . . . , n , Λ is given by P-automorphisms
Λi of Ui with
Uij
σ
(c)
ij−→ Uji
Λi|Uij ↑ 	 ↑ Λj |Uji
Uij −→
σ
(a˜)
ij
Uji
,
and Λ♮i = id . Therefore Λi = id + fi with suitable
fi ∈ O (Ui)⊗
(IC)N .
Second case: g = 1 .
By lemma 5.2 (i) we know that Λ♮ = td♮ with some d ∈ IC . So
Λ ◦ t−d : S (a˜)→P S(c)
is a P-isomorphism having (Λ ◦ t−d)♮ = id . So again in the
local charts Ui , i = 1, . . . , n , Λ ◦ t−d is given by id + fi where
fi ∈ O (Ui)⊗
(IC)N .
In both cases now an easy calculation shows that Ω(W) = δf ,
f := (fi)i=1,...,n considered as an element of C
0
(
(Ui)i=1,...,n , TX
)
⊗(IC)N .
Therefore Ω(W) = 0 , and so W = 0 . 
Corollary 5.4 Let X be a P- Riemann surface with body X# = IP1 . Then
there exists a P-isomorphism Φ : IP1 →P X having Φ# = id .
6 The main result
Now we return to the backbone of the article. So let X = (X,S) ,
X := Γ\H ∪ { cusps of Γ\H} , be the P- Riemann surface constructed
in section 4 , and let g be the genus of X . Then by theorem 5.3 we may
identify X with S (a˜) and so X with S(a) for some a˜ ∈P Tg and a := a˜# .
Let e˜1, . . . , e˜R ∈P X = S (a˜) , ρ = 1, . . . , R , be the elliptic points and
s˜1, . . . , s˜S ∈P X , σ = 1, . . . , S , the cusps of Υ\H . Then
eρ := e˜ρ
# ∈ X = S(a) , ρ = 1, . . . , R , sσ := s˜σ# ∈ X , σ = 1, . . . , S ,
are automatically the elliptic points resp. cusps of Γ\H . Let nρ ∈ IN
denote the period of the elliptic point eρ , ρ = 1, . . . , R . Let Uρ ⊂ X and
Vσ ⊂ X be pairwise disjoint open connected coordinate neighbourhoods of
eρ , ρ = 1, . . . , R , and sσ , σ = 1, . . . , S , resp.. Then via common local
charts on S(w) , w ∈ W , W ⊂ Tg a suitably small open neighbourhood of
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a , we can identify the sets W ×Uρ , ρ = 1, . . . , R , W × Vσ , σ = 1, . . . , S ,
with pairwise disjoint open sets of Ξg such that
W × Uρ →֒ Ξg
pr1 ↓ 	 ↓ π
W ⊂ Tg
,
ρ = 1, . . . , R , and
W × Vσ →֒ Ξg
pr1 ↓ 	 ↓ π
W ⊂ Tg
,
σ = 1, . . . , S . This gives us at the same time embeddings Uρ, Vσ →֒ S(w) ,
ρ = 1, . . . , R , σ = 1, . . . S , w ∈W , as pairwise disjoint open sets. Now let
E˜ := (e˜1, . . . , e˜R, s˜1, . . . , s˜S) ∈P XR+S
and
U := U1 × · · · × UR × V1 × · · · × VS ⊂ XR+S ,
which is an open neighbourhood of
E := E˜# = (e1, . . . , eR, s1, . . . , sS) ∈ XR+S , and at the same time for all
w ∈W it is identified with some open set in S(w)R+S . Let
Ξg|W := π−1(W ) =
⋃˙
w∈WS(w) .
Then (π, id) : Ξg|W ×U →W ×U is a familiy of compact Riemann surfaces
S(w)× {u} = S(w) , (w,u) ∈W × U . Furthermore, let
U0 :=
⋃˙
(w,u)∈W×U (S(w) \ {u1, . . . , uR, v1, . . . , vS})× {u} ⊂ Ξg|W × U
open and dense, where u = (u1, . . . , uR, v1, . . . , vS) . Then
Ξg|W × U = U0 ∪
R⋃
ρ=1
(W × Uρ × U) ∪
S⋃
σ=1
(W × Vσ × U)
is a finite open cover, and we can define holomorphic line bundles
on Ξg|W × U via trivializations on U0 and on each W × Uρ × U ,
ρ = 1, . . . , R , and W × Vσ × U , σ = 1, . . . , S , and transi-
tion functions φ0ρ ∈ O (U0 ∩ (W × Uρ × U)) , ρ = 1, . . . , R , resp.
ψ0σ ∈ O (U0 ∩ (W × Vρ × U)) , σ = 1, . . . , S .
Furthermore, let T ∗rel denote the relative cotangent bundle of the family
Ξg|W × U → W × U of compact Riemann surfaces, see for example
section 10.1 of [7] . It is a holomorphic line bundle on Ξg|W × U such that
T ∗rel|S(w)×{u} is the cotangent bundle of S(w) for all (w,u) ∈ W × U .
Therefore T ∗rel|S(w)×{u} = T ∗S(w) even for all P-points (w,u) ∈P W × U .
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Finally, let F denote the holomorphic P- line bundle over X = S (a˜) defined
in section 4 having Mk(Υ) = H
0(F) .
First we treat the case 2|k .
We define the holomorphic line bundle Lk → Ξg|W × U by the tran-
sition functions φ0ρ(z) := (z − uρ)−k/2+
⌈
k
2nρ
⌉
, ρ = 1, . . . , R , and
ψ0σ(z) := (z − vσ)−k/2 , σ = 1, . . . , S , where z denotes a local coordinate
on Uρ resp. Vσ . Then for each (w,u) ∈W ×U the holomorphic sections of
Lk|S(w)×{u} are precisely the meromorphic functions on S(w) with poles at
the points uρ ∈ Uρ →֒ S(w) of order at most k/2 −
⌈
k
2nρ
⌉
, ρ = 1, . . . , R ,
and poles at the points vσ ∈ Vσ →֒ S(w) , σ = 1, . . . , S , of order at most
k/2 and holomorphic at all other points of S(w) .
Furthermore, we define the holomorphic line bundle C → Ξg|W × U by the
transition functions φ0ρ(z) := 1 , ρ = 1, . . . , R , and ψ0σ(z) := z − vσ ,
σ = 1, . . . , S . Then for each (w,u) ∈ W × U the holomorphic sections of
C|S(w)×{u} are precisely the holomorphic functions on S(w) vanishing at
vσ ∈ Vσ →֒ S(w) , σ = 1, . . . , S . Therefore clearly degC|S(w)×{u} = −S
for all (w,u) ∈ W × U , and we identify the sections of C with ordinary
holomorphic functions on Ξg|W × U vanishing on {z = vσ} , σ = 1, . . . , S .
Finally, we define the line bundle L′k := T
∗
rel
⊗(k/2) ⊗ Lk over Ξg|W × U .
Lemma 6.1 We have isomorphisms F ≃ L′k|S(a˜)×{E˜} and so
Mk(Υ) ≃ H0
(
L′k|S(a˜)×{E˜}
)
, the last isomorphism mapping Sk(Υ) precisely
to H0
(
(L′k ⊗ C)|S(a˜)×{E˜}
)
.
Proof: Since g′ = j(g, z)2 for all g ∈P G regarded as a P-automorphism
of H , identifying the trivial and the cotangent bundle on H we see that
F ≃ (T ∗X )⊗(k/2) = T ∗rel⊗(k/2)
∣∣∣
S(a˜)×{E˜} on X
′ := (Γ\H) \ {e1, . . . , er} .
Now let Φ1, . . . ,ΦR and Ψ1, . . . ,ΨS denote the local P-charts of X at
e1, . . . , eR and s1, . . . , sS resp. given in section 4 . Then via these local
P-charts the elliptic points e˜1, . . . , e˜R and the cusps s˜1, . . . , s˜S ∈P X of
Υ\H are identified with the ordinary point 0 ∈ B .
A straight forward calculation shows that the holomorphic sections of
(T ∗X )⊗(k/2) regarded as holomorphic sections of F on X ′ vanish in the
local P-chart Φρ at 0 of order k/2 −
⌈
k
2n
⌉
for all ρ = 1, . . . , R and in the
local P-chart Ψσ at 0 of order k/2 for all σ = 1, . . . , S . This proves the
first statement.
Furthermore, if f ∈Mk(Υ) = H0(F) one sees that f ∈ Sk(Υ) iff f vanishes
in the local P-chart Ψσ at 0 for all σ = 1, . . . , S , which proves the second
statement. 
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Observe that
deg L′k
∣∣
S(w)×{u} =
k
2
deg T ∗rel|S(w)×{u} + deg Lk|S(w)×{u}
= k(g − 1) + k
2
(R + S)−
R∑
ρ=1
⌈
k
2nρ
⌉
(1)
is independent of the point (w,u) ∈W × U .
Lemma 6.2 ⋃˙
(w,u)∈W×UH
0
(
L′k
∣∣
S(w)×{u}
)
is a holomorphic vector bundle over W × U , containing⋃˙
(w,u)∈W×UH
0
((
L′k ⊗ C
)∣∣
S(w)×{u}
)
as a holomorphic sub vector bundle.
Proof: We will use theorem 5 in section 10.5 of [3] , which says the following:
If dimCH
i
(
Xy, V y
)
is independent of y ∈ Y then all sheaves
f(i) (V ) are locally free and all maps
fy,i : f(i) (V )
/
myf(i) (V ) → H i
(
Xy, V y
)
are isomorphisms.
Hereby f : X → Y denotes a holomorphic family of compact complex man-
ifolds Xy := f
−1(y) , y ∈ Y , V a holomorphic vector bundle over X and
f(i) (V ) , i ∈ IN , the higher direct image sheaves of V under f . V y := V |Xy ,
my⊳OY denotes the maximal ideal of holomorphic functions on Y vanishing
at the point y ∈ Y , and finally, fy,i : f(i) (V )
/
myf(i) (V ) → H i
(
Xy, V y
)
denotes the canonical homomorphism. Recall that the sheaf f(0) (V ) is given
by the assignment U 7→ H0 (f−1(U), V ) for all U ⊂ Y open.
So we have to show that dimH0
(
L′k|S(w)×{u}
)
and
dimH0
(
(L′k ⊗ C)|S(w)×{u}
)
are independent of the point (w,u) ∈W ×U .
We use formula (1) . The case g = 0 is trivial.
Let g = 1 . Then T ∗rel is the trivial bundle, and R+ S ≥ 1 .
for k = 0 : L′k is trivial. If S = 0 then L
′
k ⊗ C is trivial, if S ≥ 1 then
deg (L′k ⊗ C)|S(w)×{u} < 0 so H0
(
(L′k ⊗ C)|S(w)×{u}
)
= {0} .
for k = 2 : If S = 0 then L′k is trivial, if S ≥ 1 then deg L′k|S(w)×{u} = S ≥ 1
and so dimH0
(
L′k|S(w)×{u}
)
= deg L′k|S(w)×{u} = S .
L′k ⊗ C is trivial.
for k ≥ 4 : deg L′k|S(w)×{u} ,deg (L′k ⊗ C)|S(w)×{u} ≥ R+ S ≥ 1 .
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Let g ≥ 2 .
for k = 0 : L′k is trivial. If S = 0 then L
′
k ⊗ C is trivial, if S ≥ 1 then
deg (L′k ⊗ C)|S(w)×{u} < 0 .
for k = 2 : If S = 0 then L′k = T
∗
rel so dimH
0
(
L′k|S(w)×{u}
)
= g , if
S ≥ 1 then deg L′k|S(w)×{u} = 2(g − 1) + S ≥ 2g − 1 and so
dimH0
(
L′k|S(w)×{u}
)
= deg L′k|S(w)×{u} − g + 1 = g − 1 + S .
L′k ⊗ C = T ∗rel .
for k ≥ 4 : deg L′k|S(w)×{u} ,deg (L′k ⊗ C)|S(w)×{u} ≥ 2g − 1 . 
Theorem 6.3 (main theorem) We have isomorphisms
Sk(Υ) ≃ Sk(Γ)⊗ PC
∩ 	 ∩
Mk(Υ) ≃ Mk(Γ)⊗ PC
# ց 	 ւid⊗#
Mk(Γ)
.
Proof: By lemma 6.2 after maybe replacing W and Uρ , ρ = 1, . . . , R ,
Vσ , σ = 1, . . . , S , by smaller open neighbourhoods of a ∈ Tg
resp. eρ, sσ ∈ X there exist F1, . . . , Fr ∈ H0 (L′k ⊗C) →֒ H0 (L′k) and
Fr+1, . . . , Fr′ ∈ H0 (L′k) such that
(
Fρ|S(w)×{u}
)
ρ∈{1,...,r}
is a basis of the
C-vectorspace H0
(
(L′k ⊗ C)|S(w)×{u}
)
and
(
Fρ|S(w)×{u}
)
ρ∈{1,...,r′}
is a ba-
sis of the C-vectorspace H0
(
L′k|S(w)×{u}
)
for all (w,u) ∈ W × U . Now
define
fρ := Fρ|S(a˜)×{E˜} ∈ H0
(
L′k
∣∣
S(a˜)×{E˜}
)
,
ρ = 1, . . . , r′ . Then
f1, . . . , fr ∈ H0
((
L′k ⊗ C
)∣∣
S(a˜)×{E˜}
)
,(
f#1 , . . . , f
#
r
)
is a basis ofH0
((
(L′k ⊗ C)|S(a˜)×{E˜}
)#)
, and
(
f#1 , . . . , f
#
r′
)
is a basis of H0
((
L′k|S(a˜)×{E˜}
)#)
.((
L′k ⊗C
)∣∣
S(a˜)×{E˜}
)#
=
(
L′k ⊗ C
)∣∣
S(a)×{E}
and (
L′k
∣∣
S(a˜)×{E˜}
)#
= L′k
∣∣
S(a)×{E} .
One obtains the result combining this with lemmas 2.5 and 6.1 . 
Now we treat the case 2 6 |k and −1 /∈ Γ .
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Let s1, . . . , sS′ ∈ X be the even and sS′+1, . . . , sS ∈ X the odd cusps of Γ\H .
We define the holomorphic line bundle Lk → Ξg|W × U by the tran-
sition functions φ0ρ(z) := (z − uρ)−k−1+2
⌈
k+nρ
2nρ
⌉
, ρ = 1, . . . , R ,
ψ0σ(z) := (z − vσ)−k , σ = 1, . . . , S′ and ψ0σ(z) := (z − vσ)−k+1 ,
σ = S′ + 1, . . . , S .
Furthermore, we define the holomorphic line bundle C → Ξg|W × U by the
transition functions φ0ρ(z) := 1 , ρ = 1, . . . , R , ψ0σ(z) := z − vσ ,
σ = 1, . . . , S′ , and ψ0σ(z) := 1 , σ = S′ + 1, . . . , S . Clearly
degC|S(w)×{u} = −S′ for all (w,u) ∈ W × U , and we identify the
sections of C with ordinary holomorphic functions on Ξg|W × U vanishing
on {z = vσ} , σ = 1, . . . , S′ .
Now let F := F# , which is an ordinary holomorphic line bundle on
X = S(a) . Then obviously Mk(Γ) = H
0(F ) , and a straight forward
calculation similar to the proof of lemma 6.1 shows that
F⊗2 ≃
(
T ∗rel
⊗k ⊗ Lk
)∣∣∣
S(a)×{E}
. So after maybe replacing W and Uρ ,
ρ = 1, . . . , R , Vσ , σ = 1, . . . , S , by smaller open neighbourhoods of a ∈ Tg
resp. eρ, sσ ∈ X we may assume that there exists a unique line bundle
L′k →W × U such that F ≃ L′k|S(a)×{E} and L′k⊗2 = T ∗rel⊗k ⊗ Lk .
Lemma 6.4 We have isomorphisms F ≃ L′k|S(a˜)×{E˜} and so
Mk(Υ) ≃ H0
(
L′k|S(a˜)×{E˜}
)
, the last isomorphism mapping Sk(Υ) to
H0
(
(L′k ⊗ C)|S(a˜)×{E˜}
)
.
Proof: By the same method as in the proof of lemma 6.1 one shows that
F⊗2 ≃
(
T ∗rel
⊗k ⊗ Lk
)∣∣∣
S(a˜)×{E˜} =
(
L′k
∣∣
S(a˜)×{E˜}
)⊗2
.
Since F# = F ≃ L′k|S(a)×{E} =
(
L′k|S(a˜)×{E˜}
)#
the first assertion is a
trivial consequence of the lemma 6.5 below.
For proving the last statement one just has to observe that if
f ∈ Mk(Υ) = H0(F) then f ∈ Sk(Υ) iff f vanishes in the local P-
chart Ψσ at 0 for all σ = 1, . . . , S
′ , where Ψ denotes the local P-chart of X
at the cusp sσ , σ = 1, . . . , S
′ . 
Lemma 6.5 Let E be a holomorphic P- line bundle over the complex P-
manifold M = (M,S) , n ∈ IN and F be a holomorphic line bundle over M
such that F⊗n = E# . Then there exists an up to isomorphism unique P-
line bundle F over M such that F# = F and F⊗n ≃ E .
Proof: Let E and F be given by the local trivializations on Ui ⊂ M open,
i ∈ I , M = ⋃i∈I Ui , with P- transition functions ϕij ∈ S (Ui ∩ Uj) resp.
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transition functions ψij ∈ O (Ui ∩ Uj) , i, j ∈ I . Without loss of generality
we may even assume that S|Ui ≃ OUi ⊗ P for all i ∈ I .
Since C \ {0} → C \ {0} , z 7→ zn is locally biholomorphic there exist
unique ψ˜ij ∈ S (Ui ∩ Uj) = O (Ui ∩ Uj) ⊗ PC such that ψ˜ij
#
= ψij and
ψnij = ϕij , i, j ∈ I . Now for proving existence define F via the local
trivializations S|Ui together with transition functions ψ˜ij ∈ S (Ui ∩ Uj) .
For proving uniqueness let F ′ be another holomorphic P- line bundle on
M with body F and F ′⊗n ≃ E . After maybe some refinement of the open
cover M =
⋃
i∈I Ui we may assume without loss of generality that also
F ′ admits local trivializations S|Ui together with P-transition functions
εij ∈ S (Ui ∩ Uj) such that ε#ij = ψij and εnij = ϕij , i, j ∈ I . Therefore
εij = ψ˜ij , i, j ∈ I , and so F ′ ≃ F . 
Again
deg L′k
∣∣
S(w)×{u} =
k
2
deg T ∗rel|S(w)×{u} +
1
2
deg Lk|S(w)×{u}
= k(g − 1) + k + 1
2
R−
R∑
ρ=1
⌈
k + nρ
2nρ
⌉
+
k − 1
2
S +
S′
2
(2)
is independent of the point (w,u) ∈W × U , so automatically 2 |S′ .
Lemma 6.6 Let g ≤ 1 or k ≥ 3 . Then⋃˙
(w,u)∈W×UH
0
(
L′k
∣∣
S(w)×{u}
)
is a holomorphic vector bundle over W × U containing⋃˙
(w,u)∈W×UH
0
((
L′k ⊗ C
)∣∣
S(w)×{u}
)
as a holomorphic sub vector bundle.
Proof: same as the proof of lemma 6.2 in the case 2|k , now using formula
(2) .
Let g = 1 .
for k = 1 : If S′ = 0 then L′k = L
′
k ⊗ C and L′⊗2k is trivial. So either L′k is
trivial or H0
(
L′k|S(w)×{u}
)
= {0} . If S′ ≥ 2 then
deg L′k|S(w)×{u} = S
′
2 ≥ 1 and
deg (L′k ⊗ C)|S(w)×{u} = −S
′
2 < 0 .
for k ≥ 3 : If k = 3 , S = 0 and all nρ = 2 then
L′k = L
′
k ⊗ C and L′⊗2k is trivial. In all other cases
deg L′k|S(w)×{u} ,deg (L′k ⊗ C)|S(w)×{u} ≥ 1 .
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Let g ≥ 2 .
for k ≥ 3 : deg L′k|S(w)×{u} ,deg (L′k ⊗ C)|S(w)×{u} ≥ 3(g − 1) ≥ 2g − 1 . 
Theorem 6.7 (main theorem) If g ≤ 1 or k ≥ 3 then we have isomor-
phisms
Sk(Υ) ≃ Sk(Γ)⊗ PC
∩ 	 ∩
Mk(Υ) ≃ Mk(Γ)⊗ PC
# ց 	 ւid⊗#
Mk(Γ)
.
Proof: similar to the case 2|k now using lemmas 2.5 , 6.4 and 6.6 . 
In the case g ≥ 2 and k = 1 the theorem indeed fails to be true. Here a
counterexample:
Let U ⊂ C be an open connected neighbourhood of 0 , Ξ → U be a holo-
morphic family of compact Riemann surfaces S(w) of genus g ≥ 1 and
L → Ξ be a holomorphic line bundle (so automatically degL|S(w) is inde-
pendent of the point w ) having dimH0
(
L|S(w)
)
< dimH0
(
L|S(0)
)
for all
w ∈ U \{0} (so automatically 0 ≤ degL|S(w) ≤ 2(g−1) ). Then there exists
f ∈ H0 (L|S(0)) with the following property:
f admits no extension to ’compact Riemann surfaces nearby’ ,
which means there exists no pair (U ′, F ) , where U ′ ⊂ U is
an open neighbourhood of 0 and F ∈ H0 (L|U ′) such that
F |S(w) = f .
Now let z0 ∈ S(0) be arbitrary. After maybe replacing U by a smaller
open neighbourhood of 0 we may fix a common local chart of all S(w) ,
w ∈ U , being a local coordinate neighbourhood of S(0) at z0 . Via this
common local chart we may regard z0 as a point of S(w) for each w ∈ U .
Let R → Ξ be the holomorphic line bundle such that for each w ∈ U the
holomorphic sections of R|S(w) are the meromorphic functions on S(w)
which are holomorphic on S(w)\{z0} and have a pole at z0 ∈ S(w) of order
at most d := 2g−1−degL|S(w) . So the holomorphic functions on S(w) can
be regarded as holomorphic sections of R vanishing at z0 of order at least d .
Clearly deg(L ⊗ R)|S(w) = 2g − 1 , and so dimH0
(
(L⊗R) |S(w)
)
= g is
independent of the point w ∈ U . So again by theorem 5 in section 10.5 of
[3] we see that ⋃˙
H0
(
(L⊗R) |S(w)
)
is a vector bundle of rank g over U . After maybe replacing U by a
smaller open neighbourhood of 0 we can assume that there exists a frame
(F1, . . . , Fg) ∈ H0(L ⊗ R)⊕g . So there exists F ∈ H0(L ⊗ R) having
F |S(0) = f , and of course
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Φ(F )(w) :=
 F (w, z0)...
∂d−1z F (w, z0)
 ∈ O(U)⊕d
must have an isolated zero at w = 0 for all such extensions F of f .
Lemma 6.8 There exists N ∈ IN such that ord0 Φ(F ) ≤ N for all exten-
sions F ∈ H0(L⊗R) of f .
Proof: Let F ∈ H0(L⊗R) having F |S(0) = f be given. Using the language
of germs at 0 ∈ U all other extensions of f in H0(L ⊗ R) are given by
F˜ = F + w
∑g
j=1 ϕjFj with ϕj ∈ OU,0 , j = 1, . . . , g .
Φ
(
F˜
)
(w) =
 F (w, z0)...
∂d−1z F (w, z0)

+w
 F1 (w, z0) . . . Fg (w, z0)...
∂d−1z F1 (w, z0) . . . ∂d−1z Fg (w, z0)

 ϕ1...
ϕg
 .
After trigonalization of the matrix using total pivot search with respect to
the order at w = 0 one obtains up to multiplication with some element of
GL (d,OU,0) and permutation of the ϕj ’s
Φ
(
F˜
)
(w) =
 H1...
Hd
+ w

a1
. . . bij
0 ad′
0

 ϕ1...
ϕg
 ,
d′ ∈ {0, . . . ,min(d, g)} , Hi, ai, bij ∈ OU,0 , ord0 bij ≥ ord0 ai , i = 1, . . . , d′ ,
j = i+ 1, . . . , g .
Since the linear system Φ
(
F˜
)
= 0 has no solution (ϕ1, . . . , ϕg) ∈ O⊕gU,0
there exists at least one i ∈ {1, . . . , g} such that Hi 6= 0 if i ≥ d′ + 1 resp.
ord0Hi ≤ ord0 ai if i ≤ d′ . So take N := ord0Hi . 
Now let P := IR[X]/(XN+1 = 0) and w˜ := X ∈ P . Then w˜ ∈P U with
w˜# = 0 .
Lemma 6.9 There exists no f˜ ∈ H0 (L|S(w˜)) such that f˜# = f .
Proof: Assume f˜ ∈ H0 (L|S(w˜)) having f˜# = f . Then f˜ can be regarded
as an element of H0
(
(L⊗R)|S(w˜)
)
having a zero of order at least d at
z0 ∈P S (w˜) . So there exist a1, . . . , ag ∈ PC , a1, . . . , ag ∈ C[X] , such that
f˜ =
g∑
j=1
aj Fj |S(w˜) .
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Since f = f˜# =
∑g
j=1 aj
# Fj |S(0) , we see that
F :=
∑g
j=1 aj(w)Fj ∈ H0(L ⊗ R) is an extension of f . Finally, since
F |w˜ = f˜ ∈ H0
(
(L⊗R)|S(w˜)
)
vanishes at z0 ∈P S (w˜) of order at least d we
see that Φ(F ) (w˜) = 0 , and so Φ(F ) has a zero at w = 0 of order at least
N + 1 , which is a contradiction to lemma 6.8 . 
Apply this to a suitable family of theta characteristics L → Ξ , g ≥ 2 ,
which means a holomorphic line bundle L having L⊗2 = T ∗rel , see [1] ,
appendix B . dimH0
(
L|S(w)
)
is only constant mod 2 . Since any holo-
morphic family of compact Riemann surfaces of genus g can be writ-
ten as the pullback of a holomorphic map into Tg , and Tg , g ≥ 2 ,
can be written as the moduli space of certain cocompact lattices in G ,
see [5] and example 3.3 (ii) , we know that there exists a smooth map
ϕ : U → G2g , w 7→ (A1(w), B1(w), . . . , Ag(w), Bg(w)) such that
(i) all A1(w), B1(w), . . . , Ag(w), Bg(w) ∈ G are hyperbolic generating a
cocompact lattice Γw without elliptic elements and −1 /∈ Γw ,
(ii) S(w) = Γw\H ,
(iii) L|S(w) is obtained by the identification (γz, S) ∼ (z, j(γ, z)S) ,
γ ∈ Γw , in H × C .
In particular (iii) is guaranteed by lemma 11.1 in [5] . So Υ := Γw˜ is a
P-lattice of G with body Γ := Γ0 , and by lemma 6.4 we have
M1(Υ) = S1(Υ) ≃ H0
(
L|S(w˜)
)
.
7 Body SL(2,Z)
Let Υ be a P-lattice of G with body Γ = SL(2,Z) . Then of course
this special case is easier to handle than the general theory. First of all
Mk(Υ) = 0 if 2 6 | k . So we can restrict our investigations the case 2|k .
Let X = (X,S) , X := SL(2,Z)\H ∪ {∞} , be the P- Riemann surface
given by the construction of section 4 . Since X is of genus g = 0 we may
identify X ≃ IP1 , and from corollary 5.4 we know that there exists a P-
isomorphism Φ : X →P X with Φ# = id . Let e˜1, e˜2 ∈P X be the two
elliptic points of Υ\H with bodies e1 := i resp. e2 := e 23πi ∈ X , which are
precisely the elliptic points of SL(2,Z)\H , and let s˜ ∈P X be the cusp of
Υ\H with body s :=∞ ∈ X , which is the cusp of SL(2,Z)\H . One knows
that Aut(X) ≃ SL(2,C)/{±1} .
Lemma 7.1 There exists a unique g ∈P SL(2,C) such that g# = 1 ,
ge1 = Φ
−1 (e˜1) , ge2 = Φ−1 (e˜2) and gs = Φ−1 (s˜) .
Proof: A straight forward computation shows that
G→ X3 , g 7→ (ge1, ge2, gs)
is locally biholomorphic at 1 , which proves the lemma. 
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Now a simple calculation using the local P-charts of X given in section 4
shows that Φ ◦ g uniquely lifts to a P-automorphism Ω : H → H having
Ω# = id such that
H
Ω−→ H
π ↓ 	 ↓ Π
X −→
Φ◦g
X
,
so automatically for all γ ∈ Υ
H
Ω−→ H
γ# ↓ 	 ↓ γ
H −→
Ω
H
.
Theorem 7.2 For all k ∈ 2IN
Ψk :Mk(Υ)→Mk(SL(2,Z)) ⊗ PC , f 7→ f |Ω
is a PC-module isomorphism mapping Sk(Υ) to Sk(SL(2,Z))⊗PC , and all
Ψk , k ∈ 2IN , glue together to an isomorphism of 2 IN-graded PC-algebras⊕
k∈2IN
Mk(Υ) →
⊕
k∈2IN
Mk(SL(2,Z)) ⊗ PC
# ց 	 ւid⊗#⊕
k∈2IN
Mk(SL(2,Z))
.
Proof: We use the notation of section 4 and the even case of sec-
tion 6 . Therefore we have to identify X = X ×
{
E˜
}
with X via
Φ . Φ ◦ g induces an identification (T ∗X )⊗(k/2) ≃ (T ∗X)⊗(k/2) ,
which restricted to SL(2,Z)\H ⊂ X is given by f 7→ f |Ω , and g as
P-automorphism of X induces identifications Lk|X×{E˜}
∼→ Lk|X×{E}
and C|
X×{E˜}
∼→C|X×{E} as holomorphic P- line bundles given by
f 7→ f(gz) , where we use a local coordinate z on X ≃ IP1 .
Since F ≃
(
T ∗rel
⊗(k/2) ⊗ Lk
)∣∣∣
X×{E˜} by lemma 6.1 with body
F ≃
(
T ∗rel
⊗(k/2) ⊗ Lk
)∣∣∣
X×{E}
and T ∗rel|X×{E˜} = T ∗rel|X×{E} = T ∗X
the claim follows. 
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